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SYNOPSIS 


The theory of Riesz spaces which has its origin in an 
address of F. Riesz who presented these spaces in the form of 
function spaces at the international Congress of Mathematicians 
held at Bologona in 1928, occupies a privileged position in one 
of the roost useful and flourishing branches of mathematics, 
namely Functional Analysis; indeed, the concept of positiveness 
in an arbitrary vector space helps overcome the difficulty 
encountered in dealing with the positive solutions of various 
problems in non - linear differential and integral equations, as 
the methods of classical analysis are neither adequate nor simple 
to yield the solutions of such problems. We may associate the 
contributions of L. V. Kantorovich, G . Freudentha 1 , S.Kakutani, 
G.Birkhoff, B.Z.Vulikh, W . A . J . Luxemburg , A.C. Zaanen, Y.C.Vong, 
D.H.Fremlin and many others with the development of the theory of 
ordered vector spaces and Riesz spaces. However, it was M.G.Krein 
[ Zap. Kharkovsk. Matem. Obstich (4) , 14 , 227-237 ] who initiated 
the work on partially ordered Banach spaces in 1937; though the 
duality theory of locally convex solid (l.c.s.) Riesz spaces was 
brought forward by G.T. Roberts in the year 1952 I Proc. Camb. 
Phil. Soc. Math. Phy. Sci. 48, 533-5463. This theory dealing with 
the interplay of ordering and topological structures on an 
ordered vector space or a Riesz space, has now been enriched 
considerably due to the pioneering work of Krein, Roberts, 
A . L . Peress ini , C.D. A1 iprantis, H. H. Schaefer , Y.C.Wong and others; 
and we have several monographs available now on the subject. 

On the other hand, the scalar valued sequence spaces 



(SVSS), which have wide applicability in various branches of 
Functional Analysis, e.g. locally convex spaces, nuclear spaces, 
summabi I i ty domains etc., [cf. Lecture Notes, 65, Marcel Dekker , 
Inc. New York (1980) by P.K.Kamthan and M. Gupta] possesses 
inherently the order structure induced by the ordering of the 
real line, when considered over reals. A systematic study of 
these ordered sequence spaces was made by Peressini and Sherbert 
in [Math. Ann. 165,(1966), 318-332]. Besides, replacing real line 
by a vector space, we have a well developed theory of vector 
valued sequence spaces (VVSS) due to A.Pietsch, D. A. Gregory, 
R.C. Rosier. De Grande-De Kimpe, P.K.Kamthan, M. Gupta, K.L.N.Rao, 
J. Patterson etc.. In this dissertation our efforts have been to 
investigate the results on ordered vector valued sequence spaces 
(OVVSS) and Riesz spaces by using the tools of the theories of 
Riesz spaces, l.c.s, Riesz spaces and VVSS. The material of the 
thesis has been divided into six chapters, a brief scenario of 
which we present now. 

Chapter 1 incorporates some of the basic definitions 
and results from the theory of ordered vector spaces, Riesz 
spaces, locally convex spaces, locally solid Riesz spaces and 
sequence spaces, which serve as a prelude to the subsequent 
chapters . 

Chapter 2 sketches in brief the development of the work 
carried out in ordered vector spaces and Riesz spaces, locally 
solid Riesz spaces, vector valued sequence spaces and linear 
operators on Riesz spaces. 

In Chapter 3, we study the impact of ordering and 
topological properties of a Riesz space and a locally solid Riesz 
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space X on the (OVVSS) A(X) defined by the elements of the space 

X. The main result of the chapter is the identification of the 

s o 

sequential order dual [A(X)] of A(X) with its generalized Kothe 

Y SO 

dual A (X ), where A(X) is an ideal of the space ft(X) consisting 

of all sequences defined by the elements of X. We also introduce 

1 00 

ordered vector valued sequence spaces analogous to Z , -t , c , c , 

O 

bv and bv with the help of the ordering of an order complete 

O 

Riesz space, and investigate their generalized Kothe duals. 

Chapter 4 is devoted to the study of o-matrix 
transformations defined on OVVSS A(X), a concept introduced with 
the help of order convergence of the Riesz space X. We 
characterize in this chapter the o-matrix representation of a 
linear map in terms of its sequential order oontinuity; besides 
finding the conditions for matrices of operators to transform 
certain OVVSS introduced in Chapter 3, into themselves. We also 
consider the o-precompactness of such transformations. 

In Chapter 5, we confine our attention to the duality 
relationship of a Riesz space X with its order duals, as well as 
its topological dual in case X is assigned a l.c.s. topology. 

Infact, we consider polar topologies x (X,Y) and t (X,Y), 

c so 

defined corresponding to the sets in Y satisfying conditions A 2 

and Aj respectively, where Y is an ideal in the order continuous 

c so 

dual X and the sequential order dual X of X. Further, for a 

% 

l.c.s. Riesz space X with the topological dual X , we also study 
the topology T^pCX ,X) which is defined with the help of 
quasi-order precompact sets in X. 

The final chapter incorporates results on Riesz spaces 
possessing countable order decompositions. We show that the 



IV 


sequential order dual of an order complete Riesz space with 
countable order decomposition also possesses a countable order 
decomposition and use the result to derive sufficient conditions 
for order perfectness of Riesz spaces. Besides, we also introduce 
associated o-vector valued sequence spaces with the help of a 
countable order decomposition in a Riesz space and the concept of 
o-similarity between two countable order decompositions in Riesz 
spaces which we characterize by making use of associated 
o-sequence spaces. 



CHAPTER 1 


PREREQUISITES 

1.1 An Overview : This chapter incorporates concepts and results 

from the theories of ordered vector spaces, Riesz spaces, locally 
convex spaces, locally solid Riesz spaces and sequence spaces, 
which are to be used in the subsequent chapters. The results, 
quoted from various texts, monographs and research papers; for 
instance, one may refer to [6, 27, 46, 47, 48, 86, 96, 135, 175, 

196, 200, 229 ], are stated without proof. Throughout the sequel, 
we make use of the following notations 

R = Set of all real numbers 
C = Set of all complex numbers 
N = Set of all natural numbers 
R_i_= Set of all positive real numbers 
R* = R^utO} 

X = A non trivial vector space over R 

/ 

X = Algebraic dual of X 
© = Zero element of X 

Besides, the completion of a proof has been marked by the symbol 

■ ’ 

1.2 Ordered Vector Spaces : Throughout our work in this 

dissertation, we deal with the real vector spaces only. As the 
basis of our work embodied in this thesis, are ordered vector 
spaces COVS) and Riesz spaces, we consider in this chapter 
various concepts and results from the theories of OVS and Riesz 
spaces. To begin with, let us recall [175] 

Definition 1.2.1: An ordered vector space (OVS) is a real vector 
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space X equipped with a transitive , reflexive and antisymmetric 
relation satisfying the properties that x+z ^ y+z and XX2:Xy 
whenever x i y , for x,y,z in X and X in r"*^ . In an OVS X, the 
elements satisfying the conditions that x 2; e, are known as 
positive elements and the set of such elements is usually known 
as a positive cone. 

A set K in a real vector space is said to be a cone if 
it possesses the properties Ci) K + K c K , (ii) a K c K for each 
a in R^, and (iii) K n (-K) ={e}. The presence of a cone K in a 
real vector space X yields the OVS structure of X for the 
ordering it defined as x ^ y if and only if x-y e K. Also the 
positive cone K of an OVS satisfies the axioms of a cone. Thus 
there is one to one correspondence between various partial 
orderings and cones of a real vector space so that it becomes an 
OVS. Consequently , in the sequel, a positive cone will be 
referred to a cone only, 

A cone K in X generates X if X = K- K, i.e., X is the 
linear subspace spanned by K. 

Definition 1.2.2: An OVS X is said to be (i) Archimedean if x i e 

whenever X x ^ y for some y e K and all X e R_|^; (ii) order 

complete Cresp .a-order complete ) if every directed, majorized 

subset (resp. countable subset) of X has a supremum in X; and 

(iii) order separabl e if every subset A of X that has supremum in 

/ / 

X contains a countable set A such that sup (A)= sup (A ). 

In an OVS X, the symbol [x,y] for x, y e X with x ^ y, 
denotes the set { zeX : xiziy} and is known as an order 
interval. A set B c X is said to be order bounded if B c [x,y] 


for some x,y e X. 
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Riesz Spaces : These are special type of OVS defined in 
Definition 1,2.3: An OVS X is said to be a Riesz space or a 

vector lattice if it contains the supremum xvy or infimum XAy of 
each pair {x,y} of its elements. 

Unless otherwise specified , X denotes in this 

subsection a Riesz space . For x in X , the symbols x^ , x and 

Ixl have their usual meanings, i.e. x^=xve, x =(-x)^, and 

lx|=xv(-x). The elementary properties satisfied by the elements 
of X are listed in [6]. 

Proposition 1.2.4: For x,y,z in X, we have 
C i ) x+y = xvy + XAy ; 

(ii) X = x^- X ; |x| = x^ + x ; and x^ax = e; 

(iii) xvy = (x-y) +y =(y-x) +x; and XAy =x-Cx-y) =y-Cy-x) ; 

(iv) Mxl-lylU Ix-yl; and Ix+yU Ixl +lyl; 

(v) X(xvy) = (Xx)v(Xy) , X(xAy) = (Xx)A(Xy) for x e R'*^;and 
I XX I = ixllxl for all X € R. 

It is clear from the condition (ii) above that the cone 
in X is always generating. Further, two elements x and y of X are 

said to be disjoint if IxiAlyl = e, written as x -b y. Thus x^and 

X are disjoint elements for any x in X. The positive elements x 
and y of a Riesz space X satisfy a property analogous to the real 
numbers, namely 

(1.2.5) [e,x] + [e,y] = [e,x+y]. 

Also, in order complete (resp. a -order complete) Riesz 
spaces which are always Archimedean, the directed condition in 
Definition 1.2.2(ii) is satisfied inherently and so can be 

Denoting by x T or x (resp. x'f'xorx'‘'x)an 
a a a a 


relaxed. 



4 


increasing or a decreasing net { x : a e A } in an OVS X Cresp. 

a 

increasing or decreasing net with sup x^= x or inf x^ =x ), let 
us recall the following [61: 

Definition 1.2.6; A net {x : a e A ) in X is said to order 

a 

converge to an element x of X (resp. order Cauchy'), written as 

x^^x in X, if there exists a net {y : ae A3 such that y e and 
a a a 

Ix -xti y , for each a( resp. lx -x.l ^ y , for each a , 6 ^ y in 
a a a p y 

A) and in this case, x is said to be the order limit of { x } 

oe 

which is also written as x= o-lim x . 

a a 

Simple facts concerning the order convergence in X, are 

1 i sted in 

Proposition 1.2.7: (i) If x and V in X 5 then 

x+y; Xx^^Xx for X e R ; and Ix^l^^lxl in X. 

Cii) If X and y € X is such that Ix^l i y, for 

each n in K. Then ix| ^ y. 

(iii) If X T (resp. x ) in X and x e X is such that x 
n n 

= sup X (resp. inf x ), then x^^ x in X. 
n n n 

n n 

Civ) In an Archimedean Riesz space X, X^x e in X 

whenever X 0 in R and x € K. 
n 

Other types of convergence discussed in our work are 
contained in 

Definition 1.2.8:(i) A net {x :a e A }s{x } in X is said to 

a a 

converge relatively uniformly to an element x of X (resp. 
relatively uniformly Cauchy) if there exists an element a of K, 
called the regulator of convergence , possessing the property 
that for any e >0 there exists a^e A such that lx^-xl ^ ea , V a 
2 : (resp. |x^-x^l i e a, V a,p ^ a^); (ii) a sequence {x^} in X 
is said to order (*) converge to an element x of X if every 
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subsequence of contains a subsequence that order converges 

to X . 

Several concepts related to the subsets and subspaces 
of X are mentioned in 

Definition 1.2.9: (i) A set B in X is said to be (a) solid if 

lylisixl with X in B yields that y e B; (b) order closed Cresp. 

o-order closed) if x^-^ x (resp. x in X with {x }c B 

a n a 

Cresp. {x^}c B) , implies that x e B .(ii) Disjoint complement B 

of a set B is defined as the set { y e X :|yiA|x| = e, for all x 

€ Bl.Ciii) A Riesz subspace X^ of X is said to be (a) regular if 
for any set A in X^ , sup A Cresp. inf A) in X^ , if it exists, 

coincides with the sup A Cresp. inf A) in X; Cb) an ideal of X if 

it is a solid subspace of X; Cc) a band of X if it is an order 
closed ideal of X; and Cd) a projection band ofXif it isa band 
satisfying X = X^® Xj"*". 

The smallest solid set containing a set A is known as 
the solid hull of A, which is denoted by sCA) and is the set 
{y e X : lyl i |x| for some x e A }. The smallest ideal 
containing A is known as the ideal generated by A, which is given 
by 

I^= {y e X: there exist , X 2 . . • . . x;^ in X and ,X 2 5 • • . 

n 

with lyl i X. lx . I } . 
i = l ^ ^ 

If A ={x}, a singleton set in X, is called the principal ideal 
and in addition if it is also order closed , it is called a 
principal band and is denoted by B^. 

Concerning ideals, order closed sets and principal 
bands, we have the following simple results: 

Proposition 1.2.10: Ci) Every ideal in a Riesz space X Cresp. 
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order complete Riesz space X) is a regular Cresp. order 
complete) subspace of X. 

(ii) A solid set B in X is order closed (resp. a-order 

closed) if and only if 6 5 x t x with {x 3 Cresp. 6:2 x 't x with 

a a n 

{x^}) in B, implies that x c B. 

Ciii) For an arbitrary positive element y in B^, there 

exists a net {y } c I. , such that 0 i y t y in X. 
a IxJ a 

Characterizing projection bands in X, we have [6]. 
Proposition 1.2.11: Ci) A band B in X is a projection band if and 

only if supCy eB : e ^ y ^ x } exists for all x € K ; and 

(ii) A principal band B generated by x in X, is a 
projection band if and only if sup { y Anixi :n=l,2... } exists 

for al 1 y e K. 

Various properties of a Riesz space are incorporated in 

[6], 11753 

Definition 1.2.12: X is said to have (i) boundedness property if 

a set B c X is order bounded whenever X x^^ e in X for any 

n n 

sequence B and X^ 0 in R ;(ii) diagonal property if 

there is a strictly increasing sequence { 1) of positive 

integers such that { x^ ’ n*^} order converges to x^ for any 

double sequence {x^^’®^:n,m i 1 } in X satisfying the conditions 
that as m — » ,for each n e N and x^^^ x^°^ in 

X ; Ciii) the projection property if every band of X is a 

projection band; Civ) the principal projection property if every 
principal band of X is a projection band ; Cv) sufficiently many 
projections if every non trivial band of X contains a non trivial 
projection band ;and Cvi) X is said to be uniformly complete 
Cresp. order Cauchy complete} if every relatively uniformly 
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Cauchy sequence(resp. order Cauchy sequence) converges relatively 
uniformly (resp. order converges) in X with the same regulator of 
convergence . 

Remark : It is. clear from the Proposition 1.2.11 that every order 
complete Riesz space possesses the projection property and every 
a-order complete Riesz space has the principal projection 
property . 

For a projection band B in X, we write 

Pg(x) = sup {yeB:eiyix} .xeK; 

and 

Pg(x) = PgCx''’) - PgCx ), X G X , 

cf. Definition 1.2.25 below for more details. 

Relating order completeness with uniform completeness, 
order convergence with relative uniform convergence and q-order 
completeness with order Cauchy completeness, we have [6], [35], 

[175] 

Proposition 1.2.13: Ci) A Riesz space X is order complete if and 
only if it has projection property and is uniformly complete. 

(ii) If X is a q-order complete Riesz space with 
diagonal property, then order convergence is equivalent to 
relative uniform convergence. 

(iii) Every q-order complete Riesz space is order Cauchy 

complete . 

Order Decompositions : The concepts of disjoint elements and sets 
in a Riesz space X yield a partition of X into particular type of 
subspaces, which help in representing each element of X in terms 
of members of these subspaces . Such a partition of X is usually 
termed as an order decomposition . However, before mentioning the 
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precise definition of this concept , let us recall from [229] a 
few properties and notions concerning the disjoint elements and 
disjoint subspaces : 

Proposition 1.2.14 : If x, 5 X„,... 5 X are elements of a Riesz 

1 2 n 

space X such that x^-*- x^ for ijt j , then I x ^ +X 2 + • • • +x^ I = |x^| + lX 2 l 

+ ...+1X 1 = supilx-l : 1 i i n } . 
n 1 

Definition 1.2.15 : A collection (M : a e A} of bands in X is 

a 

said to be (i) pairwise disjoint if -L for , i.e. , x -1. y 

for any x in M and y in ; and (ii) complete if x = e whenever 
a 

X M for each a in A . (iii) Union of an arbitrary collection 
a 

of pairwise disjoint elements {x }, denoted by Sx or S(x :a e 

a a a 

a 

A), is defined by the relation Sx = supx"*^ - supx , provided the 

a a a 

a 

suprema in the expression exist. 

Simple facts concerning the union of disjoint elements 


are listed in 




Proposition 1.2.16: (i) (S x )^= 

a 

4- 

sup X , 
a 

CS X )"= 
a 
a 

sup x^ , 

and 1 S X 

a 

a 

i = supix 1 . 

a 

a 




{x^ , X 2 , . . 

(ii) For a finite 

n 

number of 

...x^) . 

disjoint 

elements 

disjoint 

(ill) For a countable set { x :n 

n 

00 n 

elements, Sx = V x = o-lim V x. 

^ n n n-KX) ^ • 

n n=i 1-1 

IV 

0 

pairwise 


Remark: For a finite collection of disjoint elements, observe 
that Proposition 1.2.14 becomes a particular case of Proposition 
1 . 2 . 1 6 C i ) and ( i i ) . 

We are now prepared to mention the definition of order 
decomposition from [229] as follows: 

Definition 1.2.17: An order decomposition in a Riesz space X is 
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defined to be a complete system of pairwise disjoint projection 
bands . 

The nomenclature decomposition in the above 

definition is justified by the following result contained in 
1229] . 

Theorem 1.2.18: Let ^ t)e an order decomposition in an 

order complete Riesz space X. Then every x e X has the form x = 

Sx where x = Pw (x) . 

a ct M 

a a 

o-Linear Operators : As the name suggests , in this subsection we 
consider results related to linear operators defined on ordered 
vector spaces . For Riesz spaces X and Y , the symbol Z(.X,Y) 
stands for the class of all linear transformations from X into Y. 
Various types of o-l inear mappings from £CX,Y) are now defined in 
[ 6 ] 

Definition 1.2.19: T e £(X,Y) is said to be (i) order bounded if 
it maps order bounded subsets of X into order bounded subsets of 
Y;(ii) order continuous (resp. sequentially order continuous) if 
the net {T(x^) } (resp . the sequence {T(x^)3) order converges to 
T(x) in Y, whenever {x^Kresp. the sequence tx^}) order converges 
to X in X; (iii) Riesz homomorphism if (T(x) )A(T(y) )= e in Y 
whenever XAy = e in X ;(iv) a Riesz homomorphism is said to be 
(a) a Riesz isomorphism if it is one-one, Cb) o-Riesz homomorphism 
if it preserves sequential order convergence, and Cc) normal if 
it preserves order convergence. Cv) Two Riesz spaces X and Y are 
said to be Riesz isomorphic if there exists a Riesz isomorphism 
from X onto Y. 

The class of all order bounded linear operators from 
X to Y is denoted by Z^CX.Y). The subspaces of i&^(X,Y) containing 
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all sequentially order continuous and order continuous linear 

s o 

mappings from X to Y are respectively denoted by Z (X,y) and 
£^(X.Y). For Y = X (resp. R), we write SS^CX)* £^(X,Y) (resp. X^ 
«£^(X,R)) , 2®°(X) K £®°(X,Y) (resp. X®° * £®°{X,R)) and £^(X) s 


Z^CX.Y) 

( resp . X° 

s Z^(X,R)). Also, we use 

the 

notation X^ 

to 

denote 

the class 

of all linear functionals 

on 

X, which can 

be 


written as the difference of two positive linear functionals on 

X. 

Concerning the order structure of £^(X,Y) , we have 

the following well known result contained in [6], [175], [2291. 
Theorem 1.2.20: Let X and Y be such that Y is order complete. 
Then 

Ci) 3S^(X,Y) is an order complete Riesz space with 
respect to the ordering induced by the cone K = CT c £^(X,Y): 
TCx) ^ e ,V X G K} such that for T e £^(X,Y) and x e K, ITtCx) = 
sup{IT(y)|:y g X ,|ylix}; and for T g K and x g X, T(lx|) = sup 
{|SCx)|:S G x'^CX.Y), |S1 ^ T} . Further, for two positive 
operators T^ , and x g K, (TjAT2)(x) = inf{ Tj(y)+T 2 (z) : y,z g 
K, y + z = x} . 

Cii) 2®°(X,Y) and Z^CX>Y) are bands in £^(X,Y). 

(iii) for TgK , T is sequentially order continuous if 

TCx ) '1' e in Y whenever x e in X. 
n n 

In this dissertation our study is confined to those 

Riesz spaces X for which <X,X®°> forms a dual pair. Since X®° is 

SO so 

an order complete Riesz space , we can define the space (X ) 
and so a notion of order perfectness of a Riesz space analogous 
to the reflexivity of the Banach spaces is defined as 
Definition 1.2.21: A Riesz space X is said to be order perfect if 
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so so 

the canonical mapping J:X — v (X ) defined by 

J(x)(f) = f(x), V fe X®° and x € X, 

SOSO so 

is onto .where (X ) is the sequential order dual of X 

Observe that the mapping J, in general, is a Riesz 

SO so 

homomorphism from X into (X ) 

Coming back to o-l inear mappings, we first quote a 
result from [229], which relates the order convergence of linear 
operators in £^(X,Y) with the pointwise convergence as follows : 
Theorem 1.2.22: With X and Y as in Theorem 1.2.20 , consider a 

net {T :a e A) in '£^(X,Y). Then 

a 

(i) t in i^^(X.Y), implies that T (x)^^ T(x) in Y, 

a a 

for each x e X; and conversely 

(ii) if {T } is an increasing or a decreasing net in 
a 

3S^(X,Y) such that T (x)^^T(x) in Y, for each x in X, then 

a 

T € Jp’^CX.Y) and T T in £^(X,Y). 

a 

The next proposition enunciated from [175] states the 
connection among order bounded , sequentially order continuous 
and order continuous linear operators. 

Proposition 1.2.23: Ci) Every sequentially order continuous linear 
operator from an Archimedean Riesz space into a Riesz space with 
boundedness property, is order bounded. In particular, every 
sequentially order continuous linear functional on an Archimedean 
Riesz space is order bounded. 

Cii) Every sequentially order continuous linear 
operator from an order separable Riesz space into an Archimedean 
Riesz space is order continuous. 

Characterizing Riesz homomorphisms , we have [6] 
Proposition 1.2.24: A one to one positive, onto map T in £CX,Y) 
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is a Riesz homomorphism if and only if T ^ is positive. A Riesz 
homomorphism T from X onto Y is normal if and only if the kernel 
N.J, of T is a band in X. 

Recalling the notation Pg for a projection band B from 
the note after the remark following Definition 1.2.12, it is 
possible to define a linear operator Pg from X into itself as 
foil ows : 

Definition 1.2.25 : For x € X with x = x^- x , and a projection 
band B of X , define Pg ; X — > X by 
Pg(x) = PgCx'*') - PgCx ). 

Remark; Observe that from the definition of a projection band B , 
each X € X can be written uniquely as x^+X 2 where x^^e B and x^ e 
B"^. As B'^is also a band in X, in terms of the operators Pg and 
Pg-t, we have 

Xj = PgCx) and x^ = Pg-J-Cx). 

Simple facts concerning the operator P » Pg are 
summarized in [229]. 

Proposition 1.2.26: P is a normal Riesz homomorphism from X into 
itself such that 

(i) P(x) = X if and only if x g B; PCx) = e if and only 
if X -t B; and 

(ii) e :£ P(x) ^ X , V X € K. 

Def ining 

(1.2.27) Pa(x) = supl<x,f>l, 

feA 

/ 

for a- subset A of X and x g X , we recall the following concepts 
from [46] , [47] . 

/ 

Definition 1.2.28 : A subset A of X is said to satisfy the 

SO 

condition (i)A. ifAcX and p.(x ) — > 0 as n — * <s> , for every 

1 An 
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C ^ o 

sequence {x } c X such that x -24 e inX ; (ii) if AcX and 
n n z 

p,(x ) — > 0 for every net {x } in X with x^4^ in X ; and Ciii) A„ 
A a a a 3 

if A c X*^ and p, (x -x ) — > 0 as n.m — ^ c» , for every majorized 

A n m 

increasing sequence in X. 

The sets satisfying conditions A^,A 2 and A^ are also 
known as equi-o-cont inuous , equicont inuous and equi-1^ 
-continuous respectively ; cf.[27]. 

1.3 Topological Vector Spaces : In this section , we consider the 
particular cases of topological vector spaces (TVS) , namely, 

locally convex spaces (l.c.s.) , ordered topological vector 

spaces and locally solid Riesz spaces , which we denote by (X,t), 
where the topology x is generated by the family s S of 

pseudonorms or seminorms. 

Locally Convex Spaces : We refer to [86] for definitions, 

notations and results of this subsection . Let us denote by U^, 
the fundamental neighbourhood system consisting of balanced, 
convex and absorbing neighbourhoods at the origin e of a locally 

convex space CX,t) and by X , the topological dual of the space . 

For a dual pair <X,Y> of vector spaces (we will 
consider in our discussion the real case only ) , we denote by 

a(X,Y>, the weak topology on X , the locally convex topology 
generated by the family {p : y e Y } of seminorms , where p (x) = 

y y 

l<x,y>l for X € X. If ^ is a collection of cr<Y,X>-bounded subsets 


of Y, then we have the ^-topologies, known as the topologies of 
uniform convergence on members of ^ and generated by the family { 
p^: A € C J of seminorms, where 


p^(x) 


sup l<x,y>l , X € X. 
ycA 


In particular cases, when ^ is the collection of all 


balanced, 
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convex , 0 (Y,X)-cofflpact subsets of Y (resp. balanced, convex and 
0 ( Y ,X)-bounded subsets of Y), we get the Mackey topology t(X,Y) 
(resp. the strong topology p(X,Y)). 

Recalling that a locally convex topology t on X is 
compatible with the dual pair <X,Y> if (X,t) = Y , we have 
Proposition 1.3.1: A locally convex topology r on X is compatible 
with the dual pair <X,Y> if and only if x is an ^ - topology 
where ^ is a collection of balanced, convex, aC Y ,X)-compact 
subsets of Y, which covers Y or equivalently a(X,Y) c x c t(X,Y). 

:|c 

A characterization of equicont inuous subsets of X , 
used in the sequel , is given in 

* 

Proposition 1.3.2: A subset M of X is equicontinuous if and only 
if M c V° for some V e , where V°= { f e X* : |f(x)i ^ 1, for 
each X in V } . 

afc 

For a locally convex space (X,x), the symbol XCX ,X) 
denotes an ^ -topology, where ^ is the collection of all 
precompact subsets of X. This topology is related with a(X ,X) in 
the sense of 

Theorem 1.3.3 CBanach-Dieudonne) :Let (X,x) be a metrizable l.c.s. 

3|: afc 

with dual X . Then X(X ,X) is the finest locally convex topology 

:|c # 

on X which induces on every equicont inuous subset of X , the 
same topology as aCX ,X). 

If T is a linear operator from a vector space X to 

another vector space Y, then we write T for the adjoint of T, 

' ' ♦ 
which is a map from Y to X . Concerning these maps T and T , we 

have 

Proposition 1.3.4: If (X,x) and (Y,S) are two locally convex 
Hausdorff spaces and T:X — >Y is r-S continuous, then it is 
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a(X , X* )-a( Y , Y* ) continuous ; indeed, it is t(X,X*) - t(Y,Y*) 

^ jI; 

continuous. Further, T is a(Y ,Y')-o(.X ,X) continuous . 

Ordered Topological Vector Space s: An ordered vector space X 
equipped with a linear topology x is known as an ordered 
topological vector space (OTVS) and if x is also a Hausdorff 
locally convex topology , it is called an ordered locally convex 
space (o.l.c.s.). The concepts of ordering and topological 


structures of X 

are 

usually related via 

cones 

of 

an 

ovs . 

Accordingly, we 

have 

different types 

of 

cones 

in 

an 

OTVS , 

defined in 








Definition 1.3.5 

: A 

cone K in an OTVS 

(X,t) is 

said 

to 

be ( i ) 


regular, w-regular Cresp. fully regular , fully w-regular') it 
every order bounded (resp. x -bounded) increasing net , sequence 
in K converges to an element of K ; (ii) minihedral if for x,y in 
K , xvy exists in K; (iii) normal if there exists a neighbourhood 
basis of e consisting of full sets , where A c X is said to be 
full if A = [A], where lA] =CA+K) n CA-K) ; (iv)an ^ -cone (resp. 
a strict ^ -cone) for a saturated class C of r-bounded subsets of 
X with X=u{S:Se C if class Cj^ - i (SnX^)-(§fiK) : S c C i 
(resp. = { CSnK)-(SnK) : S e ^ }) is a fundamental system for ^ 
; (v) a b-cone (resp. a strict b-cone} if it is an ^“oone (resp. 
a strict ^ -cone) where ^ is the class of all bounded subsets of 
(X,t). 

Normal cones in an OTVS or o.l.c.s. , play a 
significant role in various applications of the theory of OTVS; 
indeed, the cones of locally solid Riesz spaces are always 
normal. A Characterization of such cones in terms of seminorms is 


given in 
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Proposition 1.3.6: The cone of an o.l.c.s. (X,t) is normal if and 
only if there exists a family e A) of seminorms generating 

the topology x such that e^x^y implies that i 

aeA , (such seminorms are known as monotone seminorms} . 

It is well known 1143] that in an ordered Frechet space 
(i.e., complete metrizable o.l.c.s.) (X.t) , a cone is normal if 

and only if it is weakly normal and in an ordered F-space (i.e., 
complete metrizable OTVS ) , K is normal if and only if [e,x] is 

bounded in (X,r) for each x in K. 

Locally Solid Riesz Spaces : Locally solid Riesz spaces are 
nothing but particular type of OTVS, where the underlying space 
is a Riesz space and the topology is restricted in the following 
sense : 

Definition 1.3.7 :A locally solid (l.s.) Riesz space (resp.a 
locally convex solid (l.c.s.) Riesz space) is an OTVS (resp. 
o.l.c.s.) for which the neighbourhood system consists of solid 
sets and the topology x of l.s. Riesz space (resp. a l.c.s. Riesz 
space) is called a locally solid (resp. a locally convex solid ) 
topology. In case r is a normed topology , the space (X,r) is 
known as a normed lattice and it is referred to as a Banach 
lattice if it is a complete normed lattice. 

A characterization of a l.s. Riesz space is given in 

[47] 

Proposition 1.3.8: A locally convex topology t on X is locally 
solid if and only if X is an ideal in X° and solid hull of an 
equicont inuous subset of X is equicont inuous , or equivalently, 
there exists a family 25 of Riesz seminorms (i.e.,p(x) ^ p(y) for 
ixUlyl) generating the topology r. 
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Some properties of a Hausdorff locally solid Riesz 
space (X,t), are listed in 

Proposition 1.3.9: For the space (X,t) as above, we have 

(i) X is Archimedean. 

(ii) The cone K is r-closed. 

(iii) If X — » X in T and x (resp. x ) in X, then x 
a a a a 

X (resp. X x) in X. 
a 

Various kinds of locally solid Riesz spaces used in the 
sequel are defined in 

Definition 1.3.10: A l.s. Riesz space CX,t) satisfies (i) 

(t) 

o-Lebesgue property C or ) if x^ e in X implies x^^ — * e i 

(ii) Lebesgue property ( or A.,) if x e in X implies that 
X ^ e; (iii) pre-Lebesgue property ( or A„) ife:sx T^xinX 

CX Ti 

yields that is a t - Cauchy sequence in X ; and (iv) Fatou 

property (resp. o-Fatou property ) if there exists a 

neighbourhood basis of order closed ('resp. a-order closed ) sets. 

The topology r of the space (X,t) satisfying the 
property in (i), (ii), (iii) and (iv) is respectively referred to 
as the o-Lebesgue t Lebesgue , pre-Lebesgue and Fatou ("resp. 
a-Fatou ) topology. 

Depending on the concepts of the above definition , we 
have several types of Riesz seminorms defined as 

Definition 1.3.11 : A Riesz seminorm p on X is said to be (i) 
o-Lebesgue seminorm if P(x^) — > 0, for any sequence x^ e in X ; 

(ii) Lebesgue seminorm if p(x ) — » 0 for any net x e in X ; 

a a 

(iii) pre-Lebesgue seminorm if for any disjoint order bounded 

sequence {x^} in X , — * 0; and ( iv) Fatou seminorm (resp. 

o-Fatou seminorm )if e x x (resp.e ^ x '^'x) in X yields that 

a n 
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p(x ) p(x) (resp. p(x ) pCx) ). 
a n 

Characterizing Fatou topology and pre-Lebesgue topology, 
we have [6] 

Proposition 1.3.12: Let (X,t) be a l.c.s. Riesz space. Then 

(i) T is a Fatou topology if and only if there exists a 
family iP^J of Fatou seminorms generating the topology r ; and 

(ii) (X,t) satisfies pre-Lebesgue property if and only 
if every disjoint order bounded sequence in X is x- convergent to 
zero . 

Concerning the locally solid character of Mackey 
topologies on X, we have 147] 

Proposition 1.3.13 : For a Riesz space X, (i) the Mackey topology 
t(X,X^) is always locally solid ; and (ii) t(X,X®°) (resp. 
t(X,X )) is locally solid if and only if it satisfies Aj^( resp. 

^2 ^ ■ 

The order topology o(X,Y) or loKX.Y) (termed as 

absolute weak topology ) defined corresponding to a dual pair 

<X,Y> of Riesz spaces .where Y is an ideal in X^ ,is the topology 

of uniform convergence on all order intervals of Y, or 

equivalently, it is defined by the Riesz seminorms ^ Y} , 

where p (x) = <lx|,|y|> ; and the topology x is the finest 
y o 

locally convex topology on X for which every order bounded set 
is topologically bounded . 

Concerning these topologies , we quote from [6], [175] 
Proposition 1.3.14 ; (i) The dual of X equipped with o(X,Y) is Y. 

(ii) In an Hausdorff l.c.s. Riesz space (X,x), cr(X,X ) 

3iC 

= lal(X,X ) if and only if every order interval of X is 
contained in a finite dimensional vector space . 
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(iii) The dual of (X.t ) is ; and if (X,t) is a 

O 

complete metrizable locally solid Riesz space , then t coincides 
with T on X. 

O 

Restricting the order bounded sets in a l.s. Riesz 
space (X,t), Duhoux [48] introduced 

Definition 1.3.15 : A set A in X is said to be quasi-order 

precompact ( resp. ordei — precompact) if for each neighbourhood U 

of e , there exists a positive element x in X (resp. in the ideal 

generated by A in X) such that Ac [-x,x] + U . 

Clearly, every order-precompact set is quasi-order 

precompact. The converse is not necessarily true, e.g. the set 

{e :n i 1} [cf. (1.4.1) for the definition ] is quasi-order 

n 

precompact, but it is not order-precompact in -t® . However, we 
have [481 

Proposition 1.3.16 : The topology x of a l.c.s. Riesz space (X,t) 
is pre-Lebesgue if and only if every quasi -order precompact set 
in (X,r) is order precompact. 

According to 148], the o-precompactness of operators 

defined from a Riesz space X to a l.c.s. Riesz space (Y,r), means 
Definition 1.3.17 : T e ^'^(X.Y), where X is a RLesz space and 

(Y,t) is an order complete l.c.s. Riesz space , is said to be 

o-precompact if it maps order bounded subsets of X to precompact 
subsets of Y. 

The space of all o-precompact operators from X to Y is 

denoted by 5f^p(X,Y) and for this space , we have [7], [48]. 

Proposition 1.3.18 ; Z (X,Y) forms a: band in £^(X,Y) where X and 

op 

Y are as in Definition 1.3.17 with (Y,t) having Lebesgue 


property. 
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Lastly in this section we consider concepts related to 
Banach lattices from [6] 

Definition 1.3.19 : (i) A Riesz seminorm p on a Riesz space X is 

known as m -additive, m2:l , if pCx+y)® = p(x)”® + pCy)*”, for every 
X ,y G K with XAy = e : and (ii) a Banach lattice X with Riesz 
norm p, is called an abstract L-space if p is 1-additive. 

Theorem 1.3.20 : (i) Every abstract L-space is order complete and 
satisfies the Lebesgue property. 

* b 

Cii) Every Banach lattice X satisfies X = X 

The well known normed lattices with m - additive norms 

are the classical Banach lattices L [0,1]; cf.[6], p.71. 

m 

1.4 Sequence Spaces : By a sequence space we mean a vector space 
whose elements are sequences from a vector space X which may also 
be R or C. In case X is different from R or (E , a sequence space 
is referred to a vector valued sequence space (VVSS) , otherwise 
it is known as a scalar valued sequence space (SVSS) . As our 
study is confined only to real vector spaces , we shall be 
considering R only for SVSS. 

Scalar Valued Sequence Spaces ; We follow [96] for various 
notations and results for the theory of SVSS. We denote by w the 
space of all real sequences and <t>, the subspace of w, spanned by 
{e^:ni 1} , where 

(1.4.1) e^ = {0.0, ...,1.0,0,...}, new. 

n-th place 

Elements of w are denoted by a ={a^} , p etc. and n^^ 

section of an element a ={a.} is defined as Y, • 

^ i = l ^ 

The element {1,1,1,....} in w is denoted by e. 

An SVSS means a subspace X of w , containing <t>. The 
Kbthe and ^ duals of X are respectively defined as 
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X = { {p„}e w : r la < cd , V Ca^) € X} , 

n n n 

n= 1 

ft ® 

XP = w: 2 ^ ^ ■ 



n 


as 

well as 


for 

Q 1 

it 

Q 

€ 


the bilinear form < , > , where, for a ={a } e X and B = {B 1 in 

n "^n 

X^ or X^, 


<a,6> - y a 6 

n'^n 

n=l 

X 

The weak topology a(X,X ) and the normal topology 


n(X,X ) on X are respectively generated by the families { q- : 

P 

“X “"X 

p e X } and { ^ e X } of seminorms, where 

^ ® 

Cl. 4. 2) q»(a) = 1^ P:^Ca) = T. la_0_l . 


Ppta) = E 

* T% — J 


r n=l “ “ ^ n=l “ “ 

A characterization of a(w ,4>)- bounded subset of w , 


used in our later work is 


Proposition 1.4,3 : A subset B of w is cr(w,$) - bounded if and 
only if there exists a sequence {r^}c such that Ix^I i r^, for 
each i k 1, and for all x = {x^}€ B, 

A sequence space X is monotone Cresp. normal) if 
e X whenever e X , and = 0 or 1 Cresp, > V n 2: 

1. A sequence space X equipped with a locally convex topology J, 
is an AK- space if 3" is finer than aCX, <p) and for each a € X, 
a^”^ — > a in S' and an AK-space CX.S") where S' is a complete 
metrizable locally convex topology, is known as a Frechet 
AK-space . 

Concerning the dual of a topological sequence space 
CX.S'), we have 

jjc. 

Proposition 1.4,4 : The topological dual X of a sequence space X 
equipped with a locally convex topology S' , is X^, provided 
C X,S' ) is a barrelled AK-space . 
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For an infinite matrix A w [a^j], let us recall from 
[96] the following : 

Definition 1.4.5 : An infinite matrix A m [a. .] is said to be a 
matrix transformation from a sequence space X into another 


sequence space p provided , for each a={a.} e X , the series 

CD 

^ a . -a . converges absolutely for each i^l ; and the sequence 

CO 


P = ip ) where /5.= ^ a . .a . , ii 1, is an element of p . 

1 1 j-j iJ J 

A characterization of the matrix representation of a 
linear map in terms of continuity, is contained in [96] 
Proposition 1.4.6 : Let X and p be two sequence spaces such that 
X is monotone . Then a linear transformation A from x to p is a 
matrix transformation if and only if it is a(X,X^) - aCp.p^) 

continuous . 


As the real line is a Riesz space , the SVSS 
automatically becomes an OVS with respect to the co-ordinate wise 
ordering induced from the ordering of R ,i.e., a ^ p it and only 
if ^ View ,a fact being used throughout our work for 

SVSS. Concerning the order structure of X , we have [176]. 
Proposition 1.4.7 : (i) The sequence spaces <t> and w are Riesz 

spaces and every sequence space X is an order separable ordered 
vector space . 

Cii) Let a sequence space X be an ideal in w. Then a 

linear functional f on X is sequentially order continuous if and 

only if there is a unique u ={u } € X such that 
_ _ _ _ <£> 
f Ca) = <a ,u >= 5] ’ 

n=l 

for ail a ={a } in X . 
n 

Note 1.4.8: In view of Propositions 1.2.23Cii) and 1.4.7(i), it 
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follows from Proposition 1.4.7(ii) that 


-SO ,c 
X * X . 


Vector Valued Sequence Spaces 


For the literature of this 


subsection , we refer to [37], [72], [170], [190]. 

Let <X,Y> be a dual pair of real vector spaces . By 
Q(X) and <l>CX) , we mean the vector space of all sequences of X 
and the subspace of Q(X), consisting of all finitely non-zero 
sequences respectively. For x e X and x={x^} e OCX), we write 


6.^ = (e.e. 


and 


i = l ^ 


X . 
1 


,x,e,e, . . . } , ie IN ; 
i-th place 


, n € N . 


A VVSS or a generalized sequence space A(X) is a vector 
space of sequences from X containing (pCX) . The generalized Kothe 
dual K^CY) and the generalized p-dual t^(Y) of ACX) are the 


CD 


spaces defined as 

A^CY) = { {y-}e w : V l<x.,y.>| converges, V x = {x.} e ACX)}; 

1 i^^ 1 1 1 

OD 

A^CY) = { {y.}e w : <x.,y.> converges, V x = {x.} € ACX)}. 

1 i=l ^ 1 

The generalized Kothe dual of A^CY) is denoted by 
A^^CX) and so on. 

A VVSS ACX) is said to be perfect if A^^CX)=ACX). It is 

normal if .t^^ACX) c ACX) ; and monotone if m ACX) c ACX), where m 

O O 

is the vector space spanned by all sequences having co-ordinates 
equal to zero or one . Normal bull of a set B c ACX) is the 
collection of all y={y^}€ ACX) such that some 

x={x.} e ACX) and some sequence {a^} of scalars with ia-1 1 , V 
i^l . A VVSS ACX) equipped with a locally convex topology y , is 
said to be simple if each 5 bounded set is contained in the 
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normal hull of a singleton set . 

Clearly every perfect VVSS is normal and every normal 
VVSS is monotone . Also, we have 1170] 

Proposition 1.4.9 : For a monotone VVSS A(X) , A^CY) = A^(Y) . 

The space A(X) is in duality with A^CY) and A^(Y) with 

respect to the bilinear form B defined by 

B(x,y) = Y, {x.}g A(X), {y.}€ A^(Y) or A^(Y) ; 
i = l ^ 

and the various polar topologies , namely, weak topologies , 
strong topologies and Mackey topologies defined on either of the 
spaces ACX) or A CY) < A^CY)) are Hausdorff locally convex 
topologies . 

Concerning the perfectness of the spaces 4>(X) and QCX) , 
we have [190] 

Proposition 1.4.10 : For a dual pair <X,Y> of vector spaces X and 
Y. 

Ci) [4.(Y)]^ = OCX) , [Q(X)]^ = 4.CY) ; and 
(ii)[4>(X)]^ = Q(Y) , EOCY)]^ = (i>(X) . 

Hence 4i(X) and OCX) are perfect spaces . 

Another type of VVSS which is being discussed in our 
work, is formed with the help of a normal SVSS X and a locally 
convex space (X.x) and is defined as 

(1.4.11) X(X) ={ X ={x^}:x^G X.iifcl and {pCx^)}eX, for all peS }. 

To topologize XCX) , we assume that (X,t) is a 

Hausdorff l.c.s., and X is equipped with a normal ^ -topology T^ 

[170] compatible with the dual pair <X,X^> and generated by the 

_ ® 

seminorms {p„ : S e C where PpCa) = sup { Y and ^ 

^ ® {p.leS i=l ^ ^ 

is a family of normal hulls of balanced , convex , crCX ,X)- 
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bounded sets of X^, covering X^ . For S e ^ , p € i? and x={Xj} in 

X(X) , we def ine 

(1.4.12) ~ (PgopXx) = Pg({p(x^))). 

Then { Pg op : S e p e £>) is a family of seminorms generating 
a Hausdorff locally convex topology on X(X) . If X and X 

are normed spaces, then ^ normed topology for the 

norm II <^®^^ined by 
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HISTORY AND MOTIVATION 


2.1 An Overview : This chapter which is divided into four 
sections dealing respectively with ordered vector spaces and 
Riesz spaces , locally solid Riesz spaces , vector valued 
sequence spaces and linear operators on Riesz spaces , presents a 
scenario of developments of various branches of Riesz spaces; 
though the treatment is not exhaustive by all means. 

2.2 Ordered Vector Spaces and Riesz Spaces : These spaces are real 
vector spaces equipped with certain type of partial ordering that 
is compatible with the algebraic structure of the space, and have 
their origin in an address of F. Riesz at International Congress 
of Mathematicians held at Bologona in the year 1928 [1933, where 
he considered the partial ordering on the class of linear 
functionals defined on the class of functions. An extended 
version of his note appeared in the year 1940 in his later work 
[1943 which is a translation of his 1937 Hungarian paper. Indeed, 
in [1943 he replaced the class of functions by a fundamental set 
0 , by which he meant an arbitrary abelian group relative to the 
operation of addition , with the exception of negative elements 
such that the addition also satisfies the cancellation law, 
decomposition property Ccf . [ 1 75 3 , p . 7 ) and sum of two elements of 
Q is zero only if each of them is zero; and proved the order 
complete lattice structure of the class containing the difference 
of two additive positive functionals on ft. 

Almost simultaneously , the Dutch mathematician H. 
Freudenthal , influenced by Riesz’s address at Bologona, got his 
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work 156] published in the year 1936 on a partially ordered 
module, a concept equivalent to that of a Riesz space. However, a 
systematic treatment of the theory of partially ordered vector 
spaces dealing with the algebraic and convergence properties of 
Riesz spaces with its applications to linear operator theory was 
broughtforward by L . V . Kantorovich during the year 1935 to 1937 in 
the papers [ 99, 100, 101, 102, 103, 104}. His investigations on 
this theory attracted the attention of Leningrad school of 
mathematicians, namely, A.G. Pinsker, A. I. Yudin, G.P. Akilov, 
A. N. Baluyev and B.Z.Vulikh who contributed in the development of 
the theory of partially ordered vector spaces in various ways, 
e.g. finding conditions for the extension of linear operators 
from subspaces to the whole space, developing the structural 
properties of spaces or finding applications in the field of 
differential equations. 

Almost at the same time , the general theory of 
lattices of which Riesz spaces are particular cases, was 
developed extensively by G.Birkhoff who presented the same in a 
systematic form in his monograph [20]. This work of Birkhoff 
facilitated L. Fuchs to publish a book [57] on partially ordered 
algebraic systems dealing mainly with the partially ordered 
groups, semigroups, rings and fields, where the positivity of an 
element was defined with the help of unit element of the group. A 
few years later in 1966, Fuchs got his lectures, delivered at 
Queen’s University and based on his work appeared in [58, 59, 
60], published in [61]. These notes were devoted to the study of 
Riesz vector spaces and Riesz algebras which are respectively 
ordered vector spaces and ordered algebras with Riesz 
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interpolation property, a notion equivalent to the decomposition 
property in Riesz spaces and the former being more general than 
Riesz spaces. 

Because of the war conditions, Japanese mathematicians 
were unaware of the researches going on in the Soviet Union in 
the field of ordered vector spaces, and some of them, namely, 
Maeda [139], Maeda and Ogasawara [140] and Nakano [153, 154, 
155], made important contributions independently in this theory. 
Whereas, Ogasawara’ s book [168] on vector lattices in Japanese 
appeared in the year 1948 , Nakano got his work published in the 
form of books [156, 157] in 1950. In the same year, the monograph 
on functional analysis in partially ordered spaces by 
L . V . Kantorovich , B.Z.Vulikh and A.G.Pinsker [105] appeared in 
Russian, in which the theory of K-spaces (i.e., order complete 
lattices) was discussed extensively. Indeed, they considered 
order-convergence, (* )-convergence , decomposition of a K-space as 
direct sum of pairwise disjoint bands and various other results 
relating extension, representation of operators on K-spaces; 
besides incorporating the work of Freudenthal [56] on integral 
representation of elements of K-spaces and that of S.Kakutani 
[94, 95] on L- and M- spaces, and several other results dealing 
with the moment problems etc. We shall now sketch in brief the 
historical development of these various concepts in the following 
few paragraphs. 

The concept of order convergence introduced around the 
year 1935 by Kantorovich [99] and Birkhoff [19], plays an 
important role in the study of Riesz spaces, especially in 
defining various other concepts of convergence, order continuous 
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linear operators etc. Indeed the definition of order 

{ * )-convergence and relative uniform convergence ( ru-convergence) 
as given in Definition 1.2.8 make use of the notion of order 
convergence; though these concepts for arbitrary convergence were 
introduced respectively by P . S . AI eksandrov , P.S.Uryson {9] and 
E.H. Moore [146] in the year 1923 and 1912. All these concepts of 
convergence coincide in the case of real line R; though in 
general it may not be true; for example, the sequence {a^} in 
where = 0 , for i^ n and =1 for i >n, order converges to 6, but 
it does not relatively uniformly converge to 6; cf . [ 1 75 ] , p , 48 . 
Indeed, a property of convergence in a metrizable TVS X , namely, 
for a null sequence in X, there exists a sequence of numbers 

^n^ ® such that is a null sequence, cf . [923, p 42, plays a 

crucial role for the equivalence of these concepts in R. This 
property in Riesz spaces is known as stability of convergence and 
it was shown by Zaanen [247] that 

" In an Archimedean Riesz space, order convergence 
coincides with ru-convergence for sequences if and only if order 
convergence is stable." 

He further proved 

" In an Archimedean Riesz space X with a strong unit 
(an element in a Riesz space X is a strong unit if X is the ideal 
generated by it), which is either a-order complete or possesses 
projection property, order convergence is stable if and only if 
it is of finite dimension ." 

Gn the other hand, these convergence concepts when 
considered in specific Riesz spaces, have definite meanings. In 
fact, for scalar valued sequence spaces, order convergence 
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coincides with the co-ord inatewi se convergence in the sense that 
a net {x^:aeA} in a sequence space X order converges to in X 
if and only if it is order bounded and converges co-ordinatewi se 
to x^°\ a result proved by Peressini and Sherbert [176] around 
the year 1966. For the function space S consisting of all real 
valued, measurable, almost everywhere finite functions in the 
closed interval [a,b], we have the Riesz theorem stating that the 
( * )-convergence in S is equivalent to the convergence in measure. 
In the space CCX) ( the space of real continuous functions on a 
compact set X) and , ru-convergence coincides with the uniform 
convergence, i.e., with the natural topological convergence. 

Coming to the discussion of subspaces of a Riesz space 
X, we begin with the notion of a band which is defined as an 
order-closed ideal in X, cf . Definition 1.2.9. Indeed, this 
concept was introduced by Riesz [193, 194] under the nomenclature 
of ‘complete family ’ according to whom it is the class of real 
valued mappings closed with respect to finite sum, roinorants and 
supremum of every majorized subset. In [105] and [156, 157], 
bands referred to as components and normal manifolds 
respectively, were introduced in an arbitrary Riesz space, 
possessing the property of an ideal and closed with respect to 
the supremum of any majorized subset. For the particular order 
complete Riesz space X of all additive set functions of bounded 
variation defined on a ring formed by subsets of a fixed set, 
K.Yosida and E. Hewitt [244] and H. Bauer [15] proved that the set 
of ail countably additive set functions in X forms a band . 
Replacing the space X by the dual B* of a Banach space B 
consisting of functions defined on an abstract set S and 
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following the line of action of [244], H. Gordon and E.R.Lorch 

if. 

[69] considered the projection operator from B to the class of 

integrals; where by an integral they meant a linear functional F 

on B .written as the difference of two positive linear 

functionals and such that for any sequence ^ 

F.(f ) — > F.(f), i = 1,2, whenever f f pointwise in B; indeed, 

1 n 1 n 

5jc 

this class of integrals was shown to be a band in B . In 1960, 

Gordon [67] independently generalized his work with Lorch [69] by 

considering the order dual x"^ of an arbitrary Riesz space X and 

proved the existence of a band B in X^ through the projection 

operator from X"^ to B , where B is the class of atomic 

functionals on X, where a functional on X is atomic if it is sum 

of functionals each of which can not be expressed in a non 

trivial way as the sum of smaller functionals. The investigations 

dealing with the projection property and projection bands in a 

Riesz space continued and we may cite a few names, say, 

C.B.Huijsmas [87], J. Jakubik [88], A. I. Veksler [227] and E.P.De 

Jonge [38, 39], who respectively obtained certain equivalent 

conditions for an ideal to become a projection band, related 

principal projection bands with the property of possessing 

sufficiently many projections in a Riesz space, studied weak and 

strong Freudenthal properties of positive elements in an 

Archimedean Riesz space X [ u € K in X has weak (resp. strong) 

Freudenthal property if x= sup (z: 0iZ;SX , Z€ span {y e X: 

yA (u-y) =0}, V X e B^ ( resp. V x € and e >0, there exist 

n^ in W and an increasing sequence in span { y€ X;yA Cu-y) 

=0} such that lx -xl e u, V ns: n ) ] and found characterization 

n £ 

for an Archimedean Riesz space to have projection property. 



32 


A more general concept than that of the band is the 
notion of an ideal which appeared first in [94] and [105] in 
connection with the embedding of an abstract (L)-space (cf. 
Definition 1.3.19) and any order complete Riesz space 
respectively, as a subspace of C(X) , possessing the property of 
an ideal, where X is an extremal ly disconnected compact Hausdorff 
space. In the process of characterizing the space of all real 
continuous functions on a compact Hausdorff space, as a partially 
ordered group, Ky Fan [122] studied these ideals as 'convex 

subgroups’ H of a partially ordered group G, defined as [h. ,h.,]c 

1 z 

H, for ^ proved under certain restrictions that R is 
the only non trivial OVS with no proper ideal. This result was 
also proved independently by R.V.Kadison [93] who considered an 
ideal as a linear subspace I of an OVS such that xcl , whenever -y 
^ X i y, for some y in I. Following the terminology of Kadison, 
F. F. Bonsai 1 [22] improved their result by removing all the 
restrictions; and observed the relationship of maximal ideal with 
the normalized positive linear functional in the form 

“ For an OVS X with an order unit e, corresponding to 
any proper ideal I in X, there exists a maximal ideal M with I c 
M and a normalized positive linear functional with M as its 
kernel." , 

a result proved implicitly in [93]. Bonsai 1 continued his 
investigations on ideals in an OVS in [24] and [25] and also 
found applications of his results to the solution of Stieltjes 
and Hamburger moment problems, cf . [25], p.631 and I235],p.l25. 
Indeed, Bonsai I’s contributions on maximal, perfect ( an ideal I 
in an OVS X with order unit e is perfect if for each x in I and 
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c>0, there exists w such that -Cee + w):£x:£C ee + w )) and 

£ C C 

extreme maximal ideals ( ideals for which <pj is the extreme point 
of the convex set of all normalized positive linear functionals ) 
were further further carried out by J.Kist {112] and Veksler 
[224] involving indecomposable maximal ideals ( i.e., maximal 
ideal I which is the kernel of an indecomposable positive linear 
functional f, i.e., eigif>»g = Xf, for some X in F ) and 
maximal 1-ideals. All the concepts of extreme ideals, perfect 
ideals, and indecomposable ideals coincide for a maximal lattice 
ideal (i.e. an ideal in our terminology, cf . Definition 1.2.9) in 
a Riesz space. On the other hand, G. Maltese [141] and K.E.Aubert 
[14] paid attention to find the correspondence between convex 
regular maximal ideals and positive multiplicative forms in a 
real partially ordered Banach algebra. The concept of an ideal in 
a Riesz space plays a very significant role in our study of 
sequence spaces to be discussed in the subsequent chapters 

Besides ideal theory of Riesz spaces, another concept 
in Riesz spaces used in the sequel is the notion of order 
completeness. It was Kantorovich who first studied this property 
in Riesz spaces and such a Riesz space was later referred by 
Pinsker as a *K-space’, cf. [105], [183]. Following the Dedekind 
method of cuts for proving the completeness of the real number 
system F, H.M.Mac Neill [136] in the year 1937, proved that any 
partially ordered set can be embedded in an order complete 
lattice with the preservation of suprema and infima and hence 
'K-spaces’ are also known as 'Dedekind complete' or 'order 
complete’ Riesz spaces in the literature. Almost three and four 
years later, A. H. Clifford [30] and A. I. Yudin [245] published 
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papers dealing with the embedding of partially ordered groups and 

Archimedean Riesz spaces in order complete groups and order 

complete Riesz spaces respectively, the latter being known as the 
order or Dedekind completion of the given one. It has been 

pointed out in 1189] that the Dedekind completion of a Riesz 
space as studied by Mac Neill [136] is not necessarily a Riesz 
space ( in fact, it is a Riesz space if and only if the original 
space is Archimedean ) and in the process of removing this 

shortcoming, following C.J. Everett [52], who introduced the 
concept of order Cauchy ( i.e., o-regular according to his 
terminology ) sequences in lattice modules, which was picked up 
by G.F.Papangelou [169] to study order Cauchy completion of 
commutative lattice groups, Quinn [189] first defined an 
intermediate Riesz space H with respect to a Riesz space X, which 
is a Riesz space for which there exists a Riesz isomorphism tp 
known as intermediate embedding, from X into H such that for each 
y € H, y = sup{ (|)(x): xeX, (p(x)£y } = inf { 4)Cx), xeX, 4 >(x) 2 :y }. 
He then discussed various types of completions, namely a-order 
completion, of an Archimedean Riesz space, order Cauchy 
completion, and relatively uniform completion of a Riesz space 
which are defined respectively as the smallest a-order complete, 
order Cauchy complete and uniform complete intermediate Riesz 
space containing <J)(X) . The class of almost a-order complete Riesz 
spaces ( the spaces for which a-order completion and order Cauchy 
completion coincide according to Quinn) was also introduced by 
C.D. A1 iprantis and E. Langford [5] independently in 1974. The 
order Cauchy completion of the space C(X) of all continuous 
functions on a Tychnoff space X was investigated by F . K. Dashiel 1 , 
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A. W. Hager and M.Henriksen in the year 1980 [35]. We have the 
following implication diagram dealing with these various types of 
completeness and projection properties proved by V . A . J . Luxemburg 
and A . C . Zaanen [135] and modified by Aliprantis and Langford [5] 
by adding almost a-order completeness in between. 

Diagram 2.1.1 



On the other hand, using disjoint elements, S.Bernau 
[16] introduced the concepts of lateral completeness (i.e., every 
set containing disjoint elements has a supremum ) and 
orthocompleteness (i.e. , lateral completeness and G = { x j"*" © 
{x}"^"^, for each element x in G) for a lattice group G, which were 
later studied by Veksler and V.A.Geiler [228] and Veksler [226] 
as disjoint completeness and S-compl eteness with further 
restriction of order boundedness for the disjoint set and 
replacing singleton set by an arbitrary subset in a Riesz space 
respectively. Infact, these completeness properties of a Riesz 
space are weaker than that of order completeness. Indeed, it was 
proved in [228] that a Riesz space is order complete if and only 
if it is Archimedean, disjoint complete and relatively uniformly 
complete; whereas in [2263, Veksler proved that the S-completion 
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of the space C(X) , where X is a compact Hausdorff space, is order 
complete if and only if it is a Banach space. Using the results 
of Veksler and Geiler [228], Bernau 117] proved that the lateral 
and order completion of an Archimedean lattice group commute with 
each other. 

It is clear from the above diagram that the importance 
of an order complete Riesz space containing a band B lies in the 
expression of each element of the space uniquely as the sum of 
two disjoint elements, one from the band B and the other one from 
B"*". However, the bands B and B'*' are not necessarily principal 
bands. Prior to the implications of Diagram 2.1.1, Pinsker [184, 
185] around the year 1945, proved 

(*) "Every order complete Riesz space is the direct sum of 
a complete family of mutually disjoint principal bands." 

This result has significance in the proof of another 
result due to Pinsker, which embeds an order complete Riesz space 
as a complete ideal of an order complete Riesz space with unit, 
thereby reducing the study of an arbitrary Riesz space to the 
study of a Riesz space with unit, where by a unit we mean an 
element of a Riesz space X which generates X as its band. 

Although, Pinsker’s result (*) guarantees the existence 
of an order decomposition (cf . Def inition 1.2.17) in an order 
complete Riesz space, which in turn is useful in dealing with 
the projection operators from the space into the bands forming 
the decomposition; it is not always easy to deal with the 
properties related to the convergence, representation of elements 
of the space in terms of the elements of the bands etc. However, 
countable restriction on the indexing set of the order 
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decomposition led M. Gupta and the author to introduce many new 
concepts like similarity of order decomposition, associated 
o-sequence spaces etc.. Further, the study of countable order 
decomposition is justified in view of examples of Riesz spaces 
having countable decomposition. Also, the sequential order dual 
of a Riesz space having countable order decomposition possesses 
such an order decomposition. All these results form the material 
of the last chapter of this dissertation. 

2.3 Locally Solid Riesz Spaces : These spaces are generalizations 
of normed lattices which are Riesz spaces equipped with the Riesz 
norm; cf . Definition 1.3.7 . The importance of studying vector 
lattices in connection with the Banach theory of normed vector 
spaces was first recognized by Kantorovich and his group of 
pupils, namely, B.Z.Vulikh , A.G.Pinsker, A, I, Yudin and others in 
the late thirties and the beginning of forties [1051, [229], This 
study was later picked up by Luxemburg and Zaanen who contributed 
extensively to the growth of this theory through a series of 
papers entitled 'Notes on Banach function spaces’ ; cf . 
[132,(i),Cii),(iii),(iv), (v),(vi),(vii),(viii),(ix),Cx), Cxi), 
(xii), (xiii)]. However, a systematic account of the theory of 
Banach lattices is also available now in the monographs [361, 
[1101 and [2021. 

Almost contemporary to Kantorovich, following a 
direction different from the one adopted by him, M.G.Krein [118, 
119] initiated the task of ordering Banach spaces by considering 
a set of positive elements, which he called a cone, and developed 
the theory of partially ordered Banach spaces that are not 
necessarily vector lattices. Continuing the investigations on the 



38 


impact of order properties of a partially ordered Banach space on 
its dual , around the year 1939 Krein joined by J.Grosberg [1201 
proved 

(*) "A continuous linear functional f on an ordered 

normed space with cone K admits a decomposition C (i.e. ,f = fj^-f 2 ! 
fj,f 2 are continuous linear functionals on X with tlf^ll + 11^2*^ 
i Ctifl!) if and only if the cone K satisfies the condition C 
(i.e., lIxlUC whenever , 1 iy 1 1^1 , ! 1 z I U1 ) . " 

Almost nine years later, Krein along with M.A.Rutman 
published a long paper [121] dealing with the investigations on 
continuous linear operators defined on such spaces . Indeed, they 
introduced the concept of normal and minihedral cones; where by a 
normal cone they meant a cone for which there exists 6 >0 such 
that x^e K and 11x^11 = 1, i = l,2, imply that liXj+X 2 ll > 6, a 

notion equivalent to the semimonotonic character of the 
norm , i . e ., for some constant L >0, 11x^11 LIIX 2 II whenever 

€ K with Xji X 2 , cf.[116]. Using these concepts, they rephrased 
the theorem of Kakutani on L-space in the following form: 

"A Banach space B is isomorphic to the space of 
continuous functions on a compact Hausdorff space if and only if 
there exists in B a normal minihedral cone with non empty 
interior. " 

Besides, they also proved results on the common fixed points and 
the characteristic vectors of an abelian family of positive 
operators and their adjoints; and in the case of completely 
continuous operators , they considered a number of properties 
related to their strong positiveness C an operator T on B is said 
to be strong positive if for each x in K, there exists n in N 
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with T^(x) i: 0), decompositions and spectrum; for instance, we 
may quote 

"Let T be a positive completely continuous operator on 
a partially ordered Banach space B such that its spectrum S 
contains a non zero point. Then there exist a positive 
characteristic number p greater than the absolute value of each 
member in S and vectors v in K and 4> in K such that TCv)=pv and 
T* C(t>)=p<p. " 

On the other hand, in the later part of fifties 

Bonsall [26], I.Namioka [1601, J.Kist [111] and D. Weston [232] 
got interested in generalizing the work of Krein on ordered 

normed spaces to ordered locally convex spaces. Their main aim 
was to obtain conditions under which any continuous linear 

functional on an ordered locally convex space can be written as 
the difference of two positive continuous linear functionals. In 
this direction, Bonsall [26] generalized the Grosberg and 
Krein’s theorem as quoted in (♦), in the following form : 

" For a Hausdorff locally convex space X, the following 
statements are equivalent: 

(a) For each neighbourhood U of 0, there exists another 
neighbourhood V of 0 such that every linear functional f with 

if(x)|^ 1, V X e U, satisfies f ^2 

positive continuous linear functionals with |f^(x)! ^ 1, V xeV, 
i=l ,2. 

Cb) For each neighbourhood U of 0, there exists another 
neighbourhood V of 0 such that xeU whenever y ix iz , with y,z in 
V. " 

Let us note that the condition (a) above is a different 
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version of the statement that any continuous linear functional on 
X is the difference of two positive continuous linear 
f unct iona I s . 

Namioka [160] who termed an OTVS with a normal cone 
(cf. Definition 1.3.5) as locally full , proved 

"A linear functional f on an ordered locally convex 
space (X,t) is dominated by a r-continuous linear functional on X 
if and only if there is a r-neighbourhood U of 6 such that f(y) i 
1 for each positive y with y i x and x e U ." 

This, in turn, yields 

(+) "A continuous linear functional on an ordered locally 
full, locally convex space, is the difference of two positive 
continuous linear functionals." 

Kist [111] termed a locally full, locally convex space, 
a locally o~convex space and proved ( + ) in the form as given 
above. This result was also proved independently by Weston [232] 
in the year 1957. 

Though the mathematicians had started working on the 
ordered locally convex spaces, the researches on ordered normed 
spaces were also going on simultaneously. In the process of 
considering the converse problem of Krein and Grosberg stated in 
(*), T.Ando [11], D. A. Edwards [49] and A. J. Ellis [51] 
independently published papers dealing with the same. Whereas, 
And^ concentrated on finding conditions on the partially ordered 
Banach space B and its dual B so that the cone and its dual cone 
become generating for the spaces; Edwards and Ellis made use of 
the base for the cone and the order interval [e,e], where e is 
the strong unit of the space, in order to make it the dual of 
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some Banach space. 

In all the above results related to the decomposition 
of a continuous linear functional as the difference of two 
positive continuous linear functionals, it was observed that the 
normality of the cone plays a crucial role; indeed, this concept 
relates the order structure of the space with its topological 
structure and makes the dual cone generating. However, the 
generating character of the cone led Bonsai 1 [231 to introduce 
the notion of bounded decomposition property (i.e., for each xe 
X, there exist bounded sequences tyj^J and {Zj^} in K such that {y^^ 
-Zj^} norm converges to x) , which becomes equivalent to the fact 
that the cone K of an ordered Banach space is a b-cone ; cf . 
[175],p 68. Generalizing the concepts of b- and strict b-cones to 
the study of locally convex spaces, Schaefer [202] who termed the 
space with a strict b-cone as the space having BZ-property , 
proved the following duality relation between normal and cones 
(cf. Definition 1.3.5): 

" Let <X,Y> be a dual pair of vector spaces X and Y 
ordered respectively by the cones K and K . If K is an ^ - cone 
in Y for a saturated class ^ of a(Y ,X)-bounded sets, then K is 
normal for the corresponding ^ -topology on X; conversely if K is 
normal for an ^ -topology on X consistent with the dual pair 
<X,Y>, then K is a strict ^ -cone in Y.” 

Around the year 1962, Ando [11] proved the equivalence 
of the generating character of the closed cone with its b- and 
strict b- nature in a partially ordered Banach space . However, 
relating the normality of the dual cone K with the strict b- 
character of K, he proved that the cone in an ordered Banach 
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space is a strict b-cone if the dual cone is normal. On the other 
hand, J.Riedl in his long paper [192] which forms a part of his 
doctoral dissertation, concentrated on various aspects of ordered 
locally convex spaces, especially the characterizations of normal 
cones, representation of spaces with normal cones as subspaces of 
OCX) and the extensions of positive linear mappings from 
subspaces to the whole space. Indeed, he proved : 

An ordered locally convex space X is isomorphic in 
both the order and topological sense to a subspace of C(X) for 
some locally compact space X, if and only if the positive cone of 
X is closed and normal." 

" If a linear subspace H of a locally convex space X 
ordered by a cone K, contains an interior point of K, then every 
positive linear mapping from H into an order complete TVS Y with 
a normal cone, can be extended to a positive continuous linear 
mapping from X into Y." 

Almost a decade later, Kung-Fu Ng and M.Duhoux jointly 
published a paper [164] dealing with the problem of Krein and 
Grosberg by using the duality theory of locally convex spaces and 
exhibited the duality relationship between order-convex hull or 
full hull and decomposable kernels of zero neighbourhoods in the 
space. Infact, there are a number of papers relating various 
properties of an OTVS with different types of cones and 
vice-versa, and it is difficult to cite the contributions of all; 
however, we may mention a few names of mathematicians, for 
instance, I.I.6ucaev [34], V.A.Geiler, I . F. Dani 1 enko and fcucaev 
[62, 63] and Thamelt Wolfgang [217]. 

In an OTVS with a normal cone, every order bounded set 
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is topologically bounded; but the converse is not necessarily 

true e.g. the set {e^; n=l,2 } in with the usual ordering 

is bounded in -C^-norm, but it is not order bounded in . 
Researches related to the both way implications of topological 

boundedness to order boundedness and vice-versa, have been 

/ 

carried out by A. V. Mironov and B.T. Sarymsakov [145], D.D. Sulga 
[213] and others. 

After the discovery of Banach lattices by Kantorovich , 
the main two directions with which mathematicians working in this 
field were occupied , were the theory of Banach or locally convex 
spaces ordered by different types of cones and the study of 
various linear topologies on Riesz spaces. We have already seen 
in the preceding paragraphs a brief chronological development of 
the first aspect of this theory. We now take up the second aspect 
of this generalization. Indeed, it was G.T. Roberts [1951 who 
around the year 1952, initiated topologizing a Riesz space with 
the help of neighbourhood system in such a way that the lattice 
operations become continuous with respect to the topology. He 
further introduced the concept of the absolute envelope 
(i.e., solid hull) of a set in order to define self absolutely 
enveloped (i.e,, locally solid) topologies and proved the 
continuity of the lattice operations for such topologies. 
Besides, he also considered the solid polar topology on X for the 
dual pair <X,X^> and proved that X is a solid subspace of X . 
Around 1956, C.Goffman [66] dealt with the seminorms compatible 
with the ordering structure of a Riesz space , which in our 
terminology are Riesz seminorms, and proved the existence of the 
finest locally convex topology generated by such seminorms , 
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which in certain known function spaces , namely, C(X) and L^, 
pil , coincides with the norm topology. Besides, the contributions 
of I.Kawai [108], Namoika [160], Wong [237, 238], Ng [162], 
Burkinshaw and P.G. Dodds [28], in the direction of locally convex 
space and locally solid topology, available in the monographs 
[ 6 ] , [ 55 ] , [ 175 ] , [ 202 ] , [ 243 ] , are also worth mentioning. 

In this dissertation, we confine our study to those OVS 
or Riesz spaces which are order complete, the importance of this 
concept already being mentioned in the preceding section. While 
combining the linear topological structure with the order 
structure it is natural to inquire the relationship between order 
completeness and the topological completeness. An attempt in this 
direction was successfully made by Nakano [158] in the year 1952, 
who proved the topological completeness of a locally solid Riesz 
space, equipped with the topology having a neighbourhood system 
at origin consisting of solid, order complete sets (i.e. locally 
order complete space) such that each topologically bounded set 
has supremum ( boundedly order complete space); in other words , 
every locally order complete and boundedly order complete locally 
solid Riesz space is complete, cf. [175], p. 142. Removing the 
vector lattice structure and restricting the topology , Schaefer 
[201] proved a generalization of Amemiya’s result [10] in the 
following form : 

"A metrizable ordered locally convex space CX,t) with a 
normal b— cone is complete if each monotonical ly increasing 
T-bounded sequence has a supremum." 

Around the year 1972, Ng [163] proved several 
equivalent conditions for the completeness of a partially ordered 
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metrizable locally convex space X with normal generating cone, 
and derived the following result which is an improvement of the 
above result: 

"A metrizable locally convex space (X,t) ordered by a 

normal b-cone , is complete if each r-bounded subset of X is 

t^-summable, i.e. for each positive sequence {x } in the set, the 

sequence {J X-x. :n ^ 1} where { X } e I with X 2: 0 , has a 
^_1 1 1 n n 

supremum in X." 

Almost simultaneously, G. J.O. Jameson [90] and Wong 

[239] respectively established sufficient conditions for deriving 

the topological completeness and the monotonical ly sequential 

completeness (i.e., every increasing Cauchy sequence has a limit 

in the topology) of a metrizable ordered locally convex space 

from its fundamentally u-order completeness (i.e., each 

increasing Cauchy sequence has a supremum). 

The literature of this subject matter is too vast, to 

survey all the results of mathematicians who contributed to this 

theory, however, our bibliography would be incomplete if we don’t 

mention the names of Duhoux [45], T.Nishiura [167], J.F.Aarnes 

[1], Fremlin [54], Aliprantis [3], V.A.Solovev [211, 212], G.Ja 

Lozanovskit [129], R.Reichard [191], A.V.Potepun [188] etc. 

Finally, in this section we restrict ourselves to 

various order topologies which may be defined on an OVS or for 

dual pairs of ordered vector spaces; for instance, we consider 

order topology or order bound topology and the topologies 

o(X,Y), T (X,Y), X (X,Y)* defined corresponding to a dual pair 
s s 

<X,Y> of ordered vector spaces X and Y. 

The order topology x^ was studied independently by 
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Namioka [160] and Schaefer [201] in the late fifties. Whereas, 
Namioka introduced this topology as the locally convex topology 
on an OVS X with a neighbourhood basis consisting of balanced, 
convex sets which absorb order bounded subsets of X, Schaefer 
defined it as the finest locally convex topology on an OVS for 
which any order bounded set is topologically bounded; the 
equivalence of the two statements being observed by both of them. 
Various results related to this topology are contained in [202] 
and [243]; for instance, Schaefer [202], p. 231, proved that the 
order toplogy of an Archimedean OVS with a strong unit, is the 
normed topology for which the cone is normal. Wong [242] 
considered this topology on bornological Riesz spaces and proved 
its locally solid character under the restriction that the solid 
hull of each topologically bounded set is topologically bounded. 
He further investigated several equivalent conditions for the 
topology of a bornological Riesz space to coincide with r^. Keim 
Dieter [109] studied the order topology of the direct sum and 
product of a family of Riesz spaces equipped with order 
topologies. Recently, V.Murali [151] has considered the linear 
order bound topology which is defined to be the finest linear 
topology for which any order bounded set is topologically bounded 
and has proved results analogous to t^. 

The topology oCX,Y) defined corresponding to a dual 
pair <X,Y> of ordered vector spaces, as the topology of uniform 
convergence on order bounded sets in Y, was introduced by 
Peressini in the year 1961 [172]. This topology coincides with the 
Riesz space weak topology (absolute weak topology) considered in 
1960 by Gordon [68] for a Riesz space X, where Y is the set of 


47 


positive linear functionals on X; cf . the paragraph preceding 
Proposition 1.3.14. Gordon [68] proved several results related to 
this topology and cited two examples involving C[0.1] such that 
in one case the weak topology aCX,Y) coincides with o{X,Y) and in 
the other, the two are different. A.Pietsch [182] considered this 
topology for his investigations on summability in Riesz spaces. 
Three years later Komura-Koshi [113] proved that the topology of 
a nuclear locally solid Riesz space becomes discrete if it is 
also complete; ( X is said to be discrete if it has a complete 
system of disjoint discrete elements, i.e., elements for which 
the ideals generated by them are the vector subspace generated by 
them ). They have made use of their results for proving a 
characterization of nuclearity of a locally convex solid Riesz 
space in terms of a perfect space A equipped with o(A,A ). 
Motivated by Komura-Koshi ’ s work, B. Walsh [230] derived necessary 
and sufficient conditions for a locally convex lattice to be 
representable as a normal Kothe space. Around 1969, J.T. Marti and 
D.R.Sherbert [142] considered Schauder bases (cf. [97, 98] for 
the detailed theory of Schauder bases in locally convex spaces ) 
in an OTVS (X,r) equipped with oCX,X ). On the other hand Irina 
Popa [187] dealt with the compactness of sets in a Banach lattice 
X for the topology o(X,X ). 

Coming to the discussion of order polar topologies 
defined for a dual pair <X,Y> of Riesz spaces where Y is an ideal 
in X^, we begin with the work of M.Duhoux [46] who introduced the 
topologies Tg(X,Y) and t^X ,Y)* as the topologies of uniform 
convergence on all convex, solid , crCY ,X)— relat ively compact 
subsets of Y and convex, solid, a(Y,X)-relat ively compact subsets 
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of Y satisfying respectively and proved 

"t (X,Y) (resp.T (X.Y)*) is the finest locally convex 
solid topology (resp. the finest locally convex solid topology 
satisfying A^) on Y which is coarser than the Mackey topology 
t{X,Y) and admits Y as its dual." 

He made use of this result for carrying out his investigation on 
o-weakly compact mappings ; cf . also Section 5 of this chapter. 

It would be appropriate to point out here that the 
topologies with which we have come across during our survey of 
results on this subject, are the ones discussed above; though it 
is possible to have a number of locally convex polar topologies 
defined corresponding to a dual pair. We therefore, look for more 
locally convex topologies which arise from the mixed structure of 
order and dual relationship of ordered vector spaces or Riesz 
spaces. In Chapter 5 of this thesis, we have succeeded in 
obtaining some more polar topologies on a Riesz space X, namely, 
t^(X,Y). Tg^(X,Y) and T^pCX*,X). 

2.4 Vector Valued Sequence Spaces : The theory of generalized or 
vector valued sequence spaces (VVSS), which has emerged as a 
natural general izat ion of scalar valued sequence spaces (SVSS), 
poses a natural question regarding the impact of ordering of the 
underlying space X on A(X) and vice-versa, in case X is assumed 
to be an ordered vector space. Before giving the salient features 
of the work done in this direction, we sketch in this section a 
brief account of various contributions made in this theory 
eversince its growth as generalization of SVSS. However, Chapter 
1 of doctoral dissertations of J. Patterson [1701 and K.L.N.Rao 
[1901 are also devoted to the historical development of this 
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theory and for this purpose we refer to these as well. 

As mentioned in [170], the contributions of I.M.Gelfand 
[64] and R.S. Phillips [177] on some abstractly valued function 
spaces, are the source of motivation for studying VVSS. Besides, 
A . Grothend i eck [74] made use of tensor product of SVSS with a 
Banach space X for his work on the theory of nuclear spaces. 
Also, Grothendieck ’ s [74] and Schwartz’s [210] generalizations of 
holomorphic mappings and distributions respectively from scalar 
valued to vector valued case are equally responsible for the 
introduction of VVSS. Certain type of VVSS were also used by 
C.Roumieu [199] in 1960 for his study on generalized 
distributions. However, it was A.Pietsch [181 ] who observed the 
importance of generalized perfect sequence spaces In the study of 
linear operators from a perfect SVSS to a locally convex space 
and presented a systematic study of VVSS of the type XCX) defined 
with the help of a SVSS X and a locally convex space X as follows 

XCX) = { {x } c X: {f(x.)} e X, for all f e X* } . 
n 1 

He studied various properties related to the characterizations of 
boundedness, compactness of subsets of XCX) after topologizing 
these spaces with the help of topology of X and X. 

The study of VVSS as generalization of Kdthe and 
Toeplitz theory [115] of SVSS (cf. [96] and [114] also), was 
carried out by N.PhSung cSc [178] who defined ACX) as a vector 
space of sequences from a vector space X, with respect to the 
co-ordinate wise operations. For a dual pair <X,Y> of vector 
spaces, he introduced the generalized Kothe dual A CY) of ACX) 
defined as in Chapter 1 and obtained many results for VVSS, 
analogues of which in SVSS are available in [96], [114]. He 
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further continued his investigations on VVSS in his later work 
[179,180], where he respectively expressed the topological duals 
of certain VVSS as generalized Kothe duals; and some spaces of 
functions and their duals, as the generalized sequence spaces and 
their Kothe duals. 

Almost simultaneously but independently, D. A. Gregory 
[72], De-Grande De-Kimpe [37] and R.C. Rosier [198] submitted 
their doctoral theses on vector valued sequence spaces, where the 
space XCX) as defined in Cl. 4. 11) was considered by all of them; 
though the overlapping of the material contained in these 
dissertations is very little. Indeed, Gregory worked on the lines 
of CUc for the dual pair <X(X),p(Y)>, where pCY) is a subspace of 
A^CY) with <i>(Y) c pCY) , and after introducing the notion of solid 
topology C normal ^-topology, cf . Section 1.4 ), he proved that 
the Mackey and strong topologies are solid topologies under some 
restrictions. He also considered matrix transformations on the 
space xCX) , besides proving some properties of the ^-dual of the 
space X(X) . De-Grande De-Kimpe defined XtX} as 

X{X}= { x^€ X, n^l , { sup |<x^,a>| }gX, VMeJt), 

where X is a Hausdorff locally convex space, X is a perfect SVSS 

equipped with a solid topology and Jt is the family of all 

♦ 

eqiiicont inuoiis subsets of the dual space X of X. She topologized 
the space XfX} with the help of the topologies of X and X and 
proved that the topological dual of the space always contains 

X . ^ 

sequences from the strong dual of X and it is precisely X (X ) 
for a normed space X. She also considered the topological tensor 
product representation of the space xCX) , characterized the 
nuclearity of XCXl in terms of the nuclearity of X and X and 
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proved the results on operators of A-type. On the other hand. 
Rosier equipped the space XCX} as defined by Gregory and 
De-Grande De-Kimpe, with two locally convex topologies (called 
the m-topologies) generated by the families yi h e A, U e tZ } 
and y: M e it, U e U } of seminorms defined as 

'/“Lm ■ 

ta . 1^1 .. c 

1 C£NT^ ■ ^ 

^ {a,}eM i^l ^ ^ J J ^ * • 


1 i-f- 


where It is the fundamental neighbourhood system at origin and Jt 
is a certain class of bounded sets in covering X^ . He also 
investigated the dual of the subspace t XtX}^] consisting of 

rl 

those elements of xCX}, which are limits of their sections, as 

— 4: 

the space of all vectors a={a }, a e X , which have 

n n 

representations of the forms a = af with a c X^ and 

— :|c 

f={fn}, an equicont inuous subset of X . 

Almost three years later, M. Gupta, P*K.Kamthan and 
K.L.N. Rao [83, 84, 85] took up the study of duality 
relationships between various VVSS and characterized weakly 
bounded sets in such spaces. They also discovered the 


applications of VVSS in relation to Schauder decomposition ( a 

concept more general than the Schauder bases in a locally convex 

spaces ) and vice-versa, C let us recall that a sequence of 

subspaces in a locally convex space X is a Schauder decomposition 

for X if each x €X is uniquely expressed as x = x . , x .e M. , 

1^1 

iil and the projections P.:X — » given by P-Cx) = x^, i k 1 are 
continuous); for instance, they proved that every VVSS A(X) with 
<^(X) c ACX) , where X is a locally convex space , has a Schauder 
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decomposition {N^} with respect to the weak topology 

a{A(X) ,A^(X*)) , where N.= {5^ :xeX}, V i^l ; and if {N.} is 

n 

e-Schauder Ci.e., the sequence {Q }, where Q (x)= ? P.(x), xeX, 

n n . j 1 

1 = 1 

is equicont inuous on X), then A^CX*) = . 

Around 1980, Gupta, Karothan. and Patterson [82] 
succeeded in characterizing the topological dual of a barrelled 
VVSS as a generalized Kothe /5-dual. Besides, Gupta and Patterson 
considered problems related to the characterizations of compact 
sets in VVSS, S-Radon Riesz property in ^^(X) and matrix 
transformations on VVSS A(X) , cf . [75,76,77,781. Indeed in [78], 
they tackled the problem of characterizing the nuclearity and 
precompactness of diagonal operators. 

On the other hand, N.R. Das and Gupta who were carrying 
out investigations on mixed structure of locally convex spaces 

[80] observed that the VVSS which possesses a Schauder 

decomposition in a natural way, are useful in giving the 
y-completion of a bi-local ly convex space , cf . [79], p. 187. They 

along with Kamthan also considered the mixed structure of VVSS in 

[81] . 

The theory of WSS has also been enriched by the 
contributions of I. E. Leonard [124], Ju . I .Grabinov [70, 71], 

H.G.Garnir [65], L.b. Patricia [171], M.Florencio, P.J.Paul [53] 
and others. However, the problem related to the generalization of 
summability domains from scalar case to vector case was initiated 
by A. Robinson [197] in 1950, who characterized the matrix 
transformations on certain VVSS formed by the elements of a 
Banach space. This has further been carried out by I. J. Maddox 
[137,138], B. Thorpe [218] and others. Still the researches in 
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this direction are going on by considering locally convex spaces 
in place of normed spaces and the process of advancing this 
theory by more and more contributions is on. 

The real SVSS are OVS in a natural way with respect to 
the co-ordinate wise ordering. Indeed, motivated by the work of 
Dieudonne [40] on function spaces which are clearly partially 
ordered spaces, Peressini tried to relate the ordering and 
topological structure of SVSS in [173], and mentioned 
modifications of some of the results in order to apply them for 
function spaces. For instance, he proved: 

" The lattice operations on a Riesz subspace X of w, 
containing > are cr(X^ , X) -cont inuous if and only if \^ = <t> , or 
equivalently, cr(X,X^) is metrizable.” 

Equipping X with the topology o(X,X^) and calling a linear 
operator bounded if it maps neighbourhoods of zero into bounded 
sets , he characterized the boundedness of a positive operator in 
the form: 

"A positive linear operator from X into itself is 
o(X,X^)- bounded if and only if it is aCX,X^)-a(X,X^) continuous 
and X^ contains an element which is an order unit for the range 
of the adjoint operator T . 

He continued his investigations related to the order structure of 
the class of linear mappings defined on sequence spaces in [174]. 
Denoting the space of all crCX,X^)— continuous linear maps 
from a sequence space X to another sequence space by £^(X,p) 
which is, indeed, the class of matrix transformations from X to p 
in view of the result of Kothe and Toeplitz [115] Ccf. also 
[96], p. 205), he proved : 
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"If ^ lattice , then /i is a lattice and each 

X X 

fe£^(X,^) is o(X,X )-o(^j,/i ) continuous. Further, if /u is normal, 
Z (X,/j) is an ideal of £^(X,u)." 

Two years later, Peressini and Sherbert jointly published a paper 
[1763 in which they established many interesting properties 
related to the ordering of a sequence space; for example they 
proved that a sequence space is always order separable and every 
perfect sequence space has boundedness property. They used some 

of these results in investigating the conditions for the class 

s o 

Z (X,u) to coincide with Z (X.u). 

HI 

The study of OVVSS defined over an arbitrary index set 
I and by the elements of an OTVS X ordered by a closed normal 
cone K, was initiated by B. Walsh [231] around the year 1973. 
Denoting by ?(I), the class of finite subsets of I, he defined 
the cones in the product space X^: 

m^(I ,X) = { {x . } . -rix.eK and x.;^ y, for some yeK and for each iel }; 

OD 1 l€l 1 1 

a'^CI.X) = {{x. } . T-: x.eK,V iel and the net {T x.:Se5(I)} is Cauchy 
° ^ ^ ieS ^ in X}; 

b'!’CI,X) = {{x. ) . x.eK.V iel and T x.i y, for some yeK and 
^ ^ ^ ieS for every S in ?(!)}; 

a'!‘CI,X) = {{x,) . T-: X.eK.V iel and x. : S e 5(1)} is 

1 1 lei 1 1 

topologically bounded in X}. 

He used the notations m (I.X), a (I.X), b.d.X) and a.(I,X) for 

00 o 1 ^ 

the spaces generated by the above cones respectively and after 
topologizing these spaces appropriately, he proved many 
interesting results dealing with their topological properties and 
the duality relationships. For instance, he proved 

If (X,i:) is a Frechet space with the topology r 
generated by the family 3 ={ n^l } of monotone seminorms, 

then the spaces Cm^CI ,X) ,3"^ ) , (a^d ,X) ,3'2) s a^nd (I ,X) ,9^2^ 
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also Frechet , where the topologies ^3 generated by 
the families {q^:qe 2 }, {q^rqeSl and {q^:qe 3 } of monotone 
seminorms given by 

q^(x) = inf { max {q(y),q(z)} : y,zG K, -y ix.:sz, V iel }, 
q^(x) = inf { TTq<^^x.^})-nq( {x.“}) : x={x.} = {x . '‘'l-fx . "} } 

=qj(x), 

where for {y 3 in a /^(I.X), j=0,l, n ({y,})=: sup {qC]^ y.)) 

^ ^ Se?(I) ieS ^ 

< 00 . " . He applied these results on VVSS for generalizing the 
results of Schl otterbeck 1208] and Schaefer [204] on 
K-absolutely-summing and majorizing operators from Banach 
lattices to locally convex spaces. 

Almost at the same time, R. Cristescu [32] considered 
directed subspaces A(X) of Q(X) containing 4 )CX) for an OVS X and 
investigated conditions for ACX) to inherit various lattice 
properties possessed by X. In 1979, D.Tofan published a paper 
[219] dealing with the VVSS A(X) containing 4 >(X) for a vector 
space X, and characterized the equality of ACX) with OCX). For a 
Riesz subspace ACX) of OCX), he also considered results related 
to the unity and boundedness property. 

Though much has been said about the advancement of the 
theory of VVSS, yet much is left to be accomplished; for 
instance, one may look for finding the order structure of the 
space of matrix transformation from an OVVSS ACX) to another 
OVVSS pCY) and several order properties of the space ACX), for 
example diagonal property and various other problems related to 
the order topologies on such spaces. The task is not easy and at 
the same time, success is not always possible; however attempts 
are made. This thesis is one such effort in this direction, where 
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we have tried to investigate the Kothe dual A^(X®°) of A(X) 
corresponding to the dual pair <X,X^°> of a Riesz space X and its 
sequential order dual X ; besides tackling problems concerning 
the matrix representation of sequentially order continuous linear 
maps on VVSS, and considering the duality of certain OVVSS in 
Chapters 3 and 4. 

2.5 Linear Operators On Riesz Spaces : This section sketches a 
brief history of certain subspaces of the class of linear 
operators defined on Riesz spaces; indeed, these are the class of 
order bounded operators , order continuous operators, Riesz 
homomorphisms and compact operators if the topologies are also 
assigned to the Riesz spaces. 

The order bounded operators on OVS, which map order 
bounded sets into order bounded sets, were essentially introduced 
by Riesz [194], as the difference of two positive linear 
functionals, referred to regular operators by Kantorovich [104] 
and Vulikh [229]. Indeed, in [104], Kantorovich proved that the 
regular linear operators from an arbitrary Riesz space X to an 
order complete Riesz space Y, are those maps which preserve order 
boundedness ; and the space consisting of all such operators is 
an order complete Riesz space. The latter result was earlier 
proved by Riesz [194] for the particular case when Y=E. 

On the other hand, Kantorovich [104] introduced several 
subclasses of the space £(X.Y), with the help of convergence 
notions studied by him in [99, 103]. Indeed, using the notion of 
Cs^)- continuous operator for an operator which maps s— convergent 
sequence into .6-convergent sequence, he considered the classes 
H°, H°,hJ and consisting of respectively (o.), Co ) (t.) and 

t o t o t o 
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(t )- continuous operators and proved that the classes and 

O O t 

are essentially the same and H°c H°c . It would be worth 
mentioning here that by t-convergence he meant either a 
topological or (*)- convergence in the sense of ordering. Besides 
dealing with many results on the representation of operators 
belonging to these classes for general as well as particular 
domain and range spaces, he also proved that the pointwise order 
limit of a monotone sequence of regular operators is regular and 
is its order limit; a result given in Theorem 1.2.22 for nets. 
Most of these results are to be found in [2293 in more 
general ity . 

Replacing sequences by nets, H.Nakano [156] developed 
the theory of order continuous operators on universally 
continuous and continuous semi-ordered spaces which are 
respectively the order complete and a-order complete Riesz spaces 
in our terminology. Most of his results appeared in [156] have 
also been published in abridged form [159] by Wayne State 
University, Detroit in the year 1966. T.Ogasawara also considered 
the class of these maps and proved [168] 

" The subspaces £^(X,Y) and £®°(X,Y), consisting of 
respectively order bounded, order continuous and order bounded, 
<j-order continuous linear operators from a Eiesz space X to an 
order complete Riesz space Y, are bands in the Riesz space 
£^CX,Y) of all order bounded operators." 

A year later, M. Nakamura characterized the order 
continuous linear functionals for some particular spaces in 
[152]. 

On the other hand, in the series of papers cited 
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earlier, Luxemburg and Zaanen called the order continuous and 
a“Order continuous linear functionals on Riesz spaces as normal 
integrals and integrals respectively; and proved that the class 
of singular functionals is a projection band in , where by a 
singular functional they meant a member of the orthogonal 
complement of in X^ ; cf . [132(vi)],p 663. In 1967, Luxemburg 
[130] alone gave an example of an order complete Riesz space 
possessing an integral which is not normal , and determined 
conditions on a Riesz space so that every integral defined on 
this space becomes normal. Four years later, Luxemburg and Zaanen 
jointly published two papers [133, 134] dealing with the linear 
modulus IT| of an order bounded operator T, where they 
characterized order bounded operators in terms of star 
continuity, and positive, negative and total variation of the 
operator T; besides relating their kernels. All the advancements 
made by these two mathematicians are available in their 
voluminous treatises [135] and [246]. 

During the decade of 1961 to 1970, R.G.Cogburn [31] 
applied order continuous linear operators in his study of 
conditional probability operators; whereas Mullins [147, 148] 
considered them on Kothe spaces and proved the equality of this 
class of operators defined on certain Riesz spaces which envelope 
the class of Kothe spaces, with the class consisting of linear 
operators continuous with respect the topology of uniform 
convergence on order intervals and the weak topology 
respectively. 

In the process of extending the results of Kaplan [106] 
and Schaefer [203], O.Burkinshaw [27] introduced the concepts of 
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equi-1 ^-continuity and equi-a-cont inuity for the subsets of the 
bound and the sequential order duals of a Riesz space X and 
characterized their weak compactness. For instance, he proved: 

For a <7-order complete Riesz space X, a subset A of 

SO 1 

X is equi“>t ^continuous ^ it is equi-a-cont inuous 4=4 it is 
s o 

relatively a(X ,X) compact." 

Around the year 1975, P.G. Dodds [42] motivated by the 
results of D.H.Fremlin and Burkinshaw on weak compactness , 
proved that for certain Riesz spaces X which are more general 
than order complete Riesz spaces . the pointwise limit of a 
sequence in X^Cresp. X®°or X*^) is a member of X^(resp. X^°or X°) 
and the pointwise convergence can be extended to the ideal 
generated by X in (X^)^. 

The class of order bounded operators and its various 
subclasses, for instance, the class of extreme positive 
operators, family of discrete positive operators, collection of 
Riesz homomorphisms etc., defined on general as well as 
particular Riesz spaces have also been considered by Kaplan 
[107], A. J. Ellis [50], G. J.O. Jameson [89], C.D. A1 iprantis [4], 
A. I. Veksler [223,225], C.T. Tucker [220, 221, 222] and others. 

Most of these results have already been appeared in the books 
[6], [55], [1351, [175], [204] and [246]. 

Researches in the direction of enriching this theory on 
the 1 ines of Banach space theory have been pursued by many 
mathematicians; for instance, a result concerning the extension 
of Riesz homomorphisms on the pattern of Hahn Banach theorem was 
proved by Z.Lepecki [126] in 1980. Relating the order structure 
of the range space with the equality of the classes of regular 
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and order bounded operators, Ju . A . Abramovi c and V.A.Gejler [2] in 

the year 1982, answered in affirmative the question raised by 

Fremlin concerning the existence of a Riesz space which is not 

order complete but the space of all regular operators 

from X to Y coincides with £^(X.Y); and they further proved that 

a Riesz space Y would be order complete if £^(X,Y) were a Riesz 
r t) 

space and Z (X,Y)=£ CX,Y), for every Riesz space X. In 1985, 
G . J . H . M . Buskes [29] investigated the conditions on the range 
space for the extension of o- and c-cont inuous Riesz 
homomorphisms from an ideal of the domain space to the whole 
space, where by an o- continuous (resp. c-cont inuous) Riesz 
homomorphism he meant a Riesz homomorphism <p defined on an ideal 
I of a Riesz space X to another Riesz space Y such that 4>{[e,x] n 
1} for each x 2: 0, is an order bounded subset in Y (resp. 
relative uniform convergence of null sequence in I is preserved 
under <p) . 

Around the year 1988, Schaefer [205] who defined order 
continuity of operators with the help of order convergence of 
filters (cf. [204], p. 54), a notion stronger than that of order 

boundedness, gave a characterization for a regular operator to 

c 

possess this property in terms of its adjoint mapping from Y into 
X^, where X is a Riesz space and Y is an order complete Riesz 
space for which Y^ separates points of Y. Recent publications 
[214, 216] of C. Swartz, contain order versions of uniform 

boundedness principle and Banach-Steinhaus theorem in Riesz 
spaces. 

Besides the above references, there are many more who 
have enriched this theory and we may cite some of them, for 
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example, [7], [13], [18], [144], [149], and [234]. We now begin 

our discussion on the developments of operators which are also 
assigned linear topologies besides being ordered . The discussion 
may be bifurcated in two ways - firstly consideration of 
continuous linear operators discussed above on OTVS and secondly 
the linear operators defined with the help of the mixed structure 
of ordering and topology of the space. 

As mentioned in Section 2.3, the study of continuous 
linear functionals on an ordered normed space was initiated by 
Krein and Grosberg [120] followed by by Krein and Rutman [121], 
Bonsai 1 [26], Namioka [160], Kist [111], Weston [232] and many 

others which have already been cited in this section. However, in 
this section , we would start with the work of Luxemburg and 
Zaanen who began their discussion on Riesz spaces with the paper 
[132(vi)], where they related the existence of a positive linear 
functional on a Riesz space with that of a Riesz seminorm and 
studied the properties of Riesz annihi lators defined for subsets 
of a Riesz space and its order dual. They continued their 
investigations on annihilators for subsets of a normed Riesz 
space and its dual and also proved [132(vii)] 

'• The dual X*, the space X* consisting of all 

o 

3|e 

continuous integrals and the space X of all continuous singular 

S 

b * 

functionals on a normed Riesz space X, are . ideals in X ; X is 

b sfj * ♦ „ 

not necessarily a band in X and X = X^eX^." 

In fact, they investigated normed Riesz spaces from various 
aspects; for instance, they proved results concerning 
reflexivity, perfectness, order density character of various 
duals, separability etc., for such spaces. In short, a systematic 
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development of this theory owes a lot to their contributions. 

Around the year 1970, G . Ja . Lozanovski i [128] 
characterized the order continuous linear functionals on the dual 
X* of a normed Riesz space X as those members F of X** for which 
2 for any cCX ,X )- absolutely summing family {f :a€A3 
in X such that ^f^Cy) = 0, for each y e X; thereby showing that 
some order properties are uniquely determined by the norm. 

Generalizing the result of P.M.Anselone [12] on ordered 
Banach spaces , R.L. James [91] proved: 

A pointwise limit T of a sequence of positive 
continuous linear operators from a barrelled OTVS X to a locally 
convex space Y ordered by a normal cone is continuous and the 
convergence is uniform on T-regular sets", ( A c X is a T-regular 
set if for each neighbourhood U of 0 in Y and each x in A, there 
exist x^, Xy in X such that x^i X5 Xy, and T(x^-Xy)€ U and the 
sets Ay={ Xy! xeA 3, A^ = { x^: xeA 3 are totally bounded). 

In the year 1974, D.Birnbaum [21] defined pre-regular 
maps from a Banach lattice X to another Banach lattice Y, as the 
difference of positive continuous linear maps from X into the 
bidual Y of Y and characterized the Banach lattices for which 
each continuous linear map is pre-regular. His investigations 
involved the concepts of absolutely summable, majorizing, 
absolutely majorizing operators which belong to the second 
category of our discussion to be taken up in the following 
paragraphs . 

A major reference for contributions on linear operators 
of Banach lattices that incorporates the work of Schaefer and his 
school, namely, H.P. Lotz [127], R.J.Negal and U . Schlotterbeck 
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[161], M. Wolff [236] as well as the work of V.L. Levin [125], 

N.J.Neilson [166], Wickstead [233] and others, is the book by 

Schaefer himself [204]. Though the paper of B. Walsh [231] 

published in 1973 is to be found in the notes mentioned after 

Chapter 4 of [204], yet the material is not included in the texts 

; for the results of Walsh mainly dealt with the generalizations 

of Schlotterbeck’ s work on Banach spaces to the setting of 

locally convex spaces. Besides, he also presented some 

counter-examples showing the indispensable character of Riesz 

space structure for some of Schlotterbeck ’ s results; for 

instance, he gave a counter example showing that the space 
/ 1 

£ CH,/C. ) of all cone-absolutely summing operators from a Hilbert 
space H to the space , is not a Riesz space though this space 

coincides with the space of all continuous linear operators from 

1 Z 

H to ; and Schl otterbeck ’ s result states that the space Z CX,Y) 

is a Banach lattice provided X and Y are Banach lattices and Y 

has property P; cf . [ 204] ,p. 251 . The locally convex version of 

this result was proved by Wong [241] in the following form; 

" The space £'^(X,Y), where (X,t) and (Y,S) are 

l.c.s. Riesz spaces such that Y is both locally and boundedly 

order complete, is an ideal in £^(X,Y).'' 

In the same paper, he also investigated conditions under which 
each continuous map on a l.c.s. Riesz space becomes majorizing. 
However, his earlier publication [240] of lecture notes contains 
several examples, counter examples and other contributions on 
cone pre— nuclear, precompact, nuclear, absolutely summing 
mappings . 

On the other hand, compact linear mappings on normed 
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spaces which emerged as an outgrowth of Riesz’s abstract theory 
of functional equations - a theory more general' than the Fredholm 
theory of integral equations, have been investigated now in the 
setting of ordered Banach and locally convex spaces. Indeed, 
depending on the nature of domain and range spaces, there have 
been basically two directions of researches related with (i) the 
o— weakly compact operators defined from Riesz spaces to locally 
convex spaces , and (ii) the compact operators from l.c.s. Riesz 
spaces to l.c.s. Riesz spaces. 

The class of o-weakly compact operators which map order 
intervals in a Riesz space X into relatively weakly compact sets 
in a Banach space Y, was introduced and characterized by 
P.G. Dodds [41] in the year 1975. Replacing Banach space X by a 
locally convex space and the order dual X^ by any band in it, 
M.Duhoux [46] generalized some of the Dodds’ results by using a 
technique based on his work in [47], which was different from 
that of Dodds. For instance, he proved that a linear operator 
T:X — ¥ Y, mapping intervals of a Riesz space X into bounded sets 
with complete closure in a locally convex space Y, is o-weakly 
compact if and only if for every majorized increasing sequence 
{x^} in X, the sequence { T(x^)3 is Cauchy in Y. He also 
established that the pointwise limit T of a sequence {T^} of 
t(X , A)— cont inuous , o-weakly compact mappings from an Archimedean 
Riesz space X having property I (cf. [42], also) to a quasi 
complete locally convex space Y is xCX , A)-continuous and o-weakly 

compact, where A is a band in Y^. 

On the other hand, in a seminar held at Bucharest in 
the year 1981, C.Niculescu [165] presented a paper dealing with 
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the characterizations of the operators of the type A and B 
introduced by him from a Banach lattice X to a Banach space Y as 
the operators T and S for which (TCx^)} (resp . {S(x^)} ) norm 
converges in Y whenever 6^ ^ (resp. 6^ x^'*' , lix^ll ^ M, for 

some constant M >0). Besides finding the relationship between 
operators of these two types, he proved implicitly the 
equivalence of the operators of type A with that of o-weakly 
compact operators in the process of characterizing these 
operators . 

Almost four years later, Dodds [433, characterized the 
range of an order continuous, o-weakly compact mapping as 
zonoform; which is a certain type of convex and weakly compact 
set in a locally convex space. 

Prior to the above publication, in the year 1979, 
Dodds along with Fremlin published a paper [44] dealing with the 
second aspect of our discussion; where they have tried to give a 
unified approach to the study of integral operators in various 
function spaces, made by Luxemburg and Zaanen [131] , J.J.Grobler 

[73 ], M. A.Krasnoselskii [117], Negal and Schlotterbeck [161] and 
Schaefer [204]. Indeed, they have introduced the concepts of 
L-weakly, PL— compact and M— weakly compact operators from a Banach 
lattice X to a Banach lattice Y. which respectively map norm 
bounded sets in X to L-weakly compact set ( the bounded set A for 
which any disjoint positive sequence in the solid hull of A 
converges to zero) , PL— compact set ( the set B for which is 

j|j 

relatively compact in Y * for each positive g in Y , where 4>g is 

o 

the quotient map from Y to the completion Y^ of Yg^YXN^, with 

^ A. 

respect to the norm I Izl l=g( lz| ) , for z= z+ N^, Ng={z€X 
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:gC|z!)-0} and zcY ) and carry norm bounded disjoint sequences in 
X into null sequences in Y. Another type of operators , defined 
from a Riesz space X to another Riesz space Y, mapping order 
intervals to lal ( Y , Y^)-precompact sets were termed by them as 
AMAL*"Compac t operators. Depending heavily on the behaviour of 
disjoint sequences in a Riesz space, they proved several results 
interrelating these various concepts of operators amongst 
themselves as well as with that of compact operators . For 
instance, they proved 

"Let X and Y be two Banach lattices such that norm for 

Y is order continuous. Then Te £(X,Y) is compact if and only if 

it is L-weakly and PL-compact. In addition, if X has order 

continuous norm and T is order bounded, AMAL-compact operator, 

then T is compact ^ T is L-weakly compact ^ T is M-weakly 

compact 4 =^ limg (T(x ))=0, whenever {x } and {g^} are positive 

n n n n 

n — KX) 

* 

disjoint norm bounded sequences in X and Y respectively." 

Around the year 1981, inspired by the above work of 
Dodds and Freml in , Michel Duhoux in a paper [48] that mainly 
deals with the order precompact sets, introduced o-precompact 
operators which are more general than AMAL-compact operators and 
are defined as operators that map order intervals of a 
l.c.s. Riesz space into precompact sets of another l.c.s. Riesz 
space. These operators in a natural way are special cases of 
precompact operators and the converse holds in the following form 
[48] : 

" A continuous o-precompact linear mapping from a 
l.c.s. Riesz space (X,t) to another l.c.s. Riesz space (y,S) is 
precompact if ^(X*,X) = o(X*.X) on every r-equicontinuous subset 



He also observed that the result of Dodds and Fremlin on the 
collection of AMAL— compact mappings from a Riesz space X to 
another order complete Riesz space Y with y'^ , in £^CX,Y) (cf. 

also Theorem 3.4 of [44], p302) would be valid in the case of 
o-precompact operators; cf . Proposition 1.3.18 and [71. 

The work of Schaefer [204], Negal and Schl otterbeck 
[161], Schep [207] and others on kernel operators in Banach 
function spaces, influenced Aliprantis, Burkinshaw and Duhoux 
[8] to consider abstract kernel operators on l.c.s. Riesz spaces. 
According to them an abstract kernel operator is a member of the 
band generated by the vector space of all continuous, finite rank 
operators from a l.c.s. Riesz space X to another l.c.s. Riesz space 
Y, which can be written as the difference of two positive weakly 
continuous operators from X to Y. Concerning the o-precompactness 
of an abstract kernel operator, they proved: 

" let CX,t) and (Y,S) be two l.c.s. Riesz spaces such 

that Y is order complete and the topologies S and ^CX ,X) are 
Lebesgue topologies. Then a kernel operator T from X to Y is 

o-precompact if and only if T (A) is IcrKX ,X)-precoMpact for 

jJ: 

each equicont inuous subset A of Y or equivalently TCB) is 

l<j|(Y,Y*)-“ precompact for each r-bounded subset B of Y . 
Generalizing further the results of Dodds and Fremlin on disjoint 
sequences in Banach lattices to the setting of l.c.s. Riesz spaces 
and using the above result, they derived several 

characterizations of the precompact kernel operators. 

Having realized the nice order structure in certain 

spaces of compact or precompact operators, mathematicians got 
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interested in finding the nature of a positive operator and its 
power, when it is dominated by a compact or a precoropact 
operator. It was Pitt [186] as well as Dodds and Fremlin [44] who 
respectively considered this problem for L spaces and Banach 

p 

lattices in the year 1979. Making use of the lattice theoretic 

arguments, Dodds and Fremlin proved: 

"Every S e [e.T] c £^(X,Y), where X and Y are two 

* 

Banach lattices such that X and Y have order continuous norms, 
is compact provided T is compact." 

Around 1982, H.Leinf elder [123] extended the above result in the 

form that any operator S from L to L such that |S| ^ XlTl, 

where T is a compact operator, can be approximated by a sequence 

n 

of operators of the type ^ R.TS., where R.:L — > L and S.:L — >L , 

ip Q ipp 

V ii^l , are norm bounded operators, in the operator norm. Another 
generalization of the above result for precompact operators on 
l.c.s.Riesz spaces was given by Cristescu [33] in the year 1984. 

Recent contributions in developing the theory of linear 
operators on Riesz spaces made by C. Swartz [215], R. Murakami 
[150], Schaefer [206] and K.D. Schmidt [209] are also worthy of 
mention. 

While dealing with the researches in vector valued 
sequence spaces, the idea of defining o-matrix transformations by 
utilizing the order convergence of the Riesz spaces, occurred to 
us. Having got the success in representing a sequentially order 
continuous linear map as an o—matrix transformation , it became 
natural for us to inquire about the various order properties of 
such a map in terms of the components operators and vice-versa. 
Besides, if the Riesz space and the OWSS are equipped with 
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l.c.s. topologies, is it possible for us to go ahead with the 
study of o-matrix transformations when the mixed impact of 
ordering and topological properties are considered. An attempt in 
this direction has been made in Chapter 4 of this dissertation 
where we deal with the matrix representation of the adjoint of 
these maps as well as the characterization of o-precompactness of 
these maps. besides finding the conditions for these 
transformations to transform particular OVVSS amongst themselves. 
Though the study of o-matrix transformations has been initiated 
in this dissertation, an overview of various advancements made in 
the operator theory makes us feel that a lot can possibly be 
achieved as the wheel of time goes by. 



CHAPTER 3 


ORDERED GENERALIZED SEQUENCE SPACES 

3.1 An Overview : This chapter essentially deals with the order as 

well as topological properties of a vector valued sequence space 
(VVSS) A(X) defined by the elements of an ordered vector space or 
a Riesz space or a locally solid Riesz space X. Starting our 
discussion with some basic results involving the impact of 
ordering of the space X on a VVSS A(X) and vice-versa in the next 
section; we study in Section 3.3, the topological properties of 
the space X(X) as defined in (1.4.11), where X is a locally solid 
Riesz space. The last section of this chapter, which has been 
divided into two subsections, incorporates results on the dual 
spaces of OVVSS. Whereas the first part is devoted to the 
identification of the class [A(X)3 of sequentially order 
continuous linear functionals on ACX) with its generalized Kothe 
dual A^(X^°) ; in the second subsection, we find the Kothe duals 
of particular OVVSS defined analogous to c , c, bv and 

O 

bv with the help of the order structure of an order complete 

O 

Riesz space . 

3.2 Order Properties of A(X ): Throughout this section, we write X 
to denote an ordered vector space (OVS) or a Riesz space. Let us 
also recall from Section 1.4, the VVSS A(X) defined over a real 
vector space X, and the related notations . 

If X is an OVS, we define the co-ordinatewise ordering 

in A(X) as ; 

(3.2.1) x^y ♦=^x^^y^.Vn€N, 

for X, y in A(X). Then we have 
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Proposition 3.2.2: A(X) is an OVS with the cone K ={ x e A(X) : 

X e K, V n il). 
n 

Proof: If X is an OVS, the ordering defined in A(X) by (3.2.1) is 
clearly a partial order satisfying the conditions that x+z i y+z 
and ax <: ay for all a ^ 0, whenever x s y and x, y, z e A(X) . It 

is also obvious that K is the set of all positive elements in 

A(X). i.e., K = { X € A(X): x i. 6 } 

Note: In the sequel the VVSS A(X) ordered by (3.2.1), will be 

referred to an ordered vector valued sequence space abbreviated 
as OVVSS. 

Let us begin with some simple properties related to the 
ordering of the particular VVSS Q(X) and (^>(X) . 

Proposition 3.2.3: Let X be a Riesz space. Then Q(X) and <J>(X) are 
Riesz spaces such that tpCX) is an ideal in fi(X). 

Proof: The space 0(X) is clearly a Riesz space, for if x, y e 
i)(X) then X V y = ix^vy^Ie 0(X) ; indeed, by the definition of 
ordering of (KX) , x,y i if a e n(X) is such 

that x,y i a in 0(X) , then {x^vy^} ^ a. Thus xvy = is in 

0(X) . 

For the space <(>(X), consider x,y in (PCX'). Then we can 

find new such that x vy^= 6, for all n 2: n and so Cx vy } is 

an element of <i>(X). Now proceeding as in the preceding paragraph, 

we get xvy = ^x^vy^} and so <I>CX) is a Riesz space. 

Concerning the ideal character of (pCX) in ft(X), observe 

that if Ixl ilyl , for x e Q(X) and y e pCX) , we have Ix^^f ^ ’ 

V n ^ 1. As |y 1= 0. for all but finitely many indices, x e (pCX) . 
•^n 

Thus 4)CX) is a solid subspace of Q(X), i.e., an ideal of Q(X).g| 
Proposition 3.2.4 : If X is an order complete OVS, then so is 
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0(X) . In addition, if X is also a Riesz space, then 4>(X) is an 
order complete Riesz space. 

Proof : Consider a directed subset A of fi(X) , majorized by a in 

QCX) . If x= e A } for n e IN, then A^ is a directed 

subset of X majorized by a^, for each n € W. As X is order 

complete, there exists a sequence Ib^} in X with b^ = sup A^, for 

each n . Write b = {b^}. Then b e OCX) is such that b = sup A 

in QCX); for if c is an upper bound of A, then c i x for each n 

n n 

in W and x e A, yields that b^, for each n ^1, Hence QCX) is 

an order complete OVS. 

For the second part, let us first consider the set A of 

positive elements of <pCX) , majorized by a = ^ <pCX) . Then 

proceeding as above, we get b = tb^} e QCX) such that sup A^= b^, 

for each n in W. As 6 i b ^ a , for each n in U, we obtain that 

n n 

b e <J)CX) as a e <^>CX). Thus sup A = b, is in 4>CX). Now consider an 
arbitrary subset A of <pCX) , which is majorized by a in 4>CX) . Then 

for an arbitrary fixed element x of A, the set B = { xvx -x : 

o o o 

X e A } is a set of positive elements in (pCX) , majorized by 
Hence sup B = b, say, exists in <p(X) . Clearly, upper 

bound of A in (pCX) . Also, if u € <p(X) is such that x ^ u, V x e 
A, then xvx i u, for all x in A, implies that b + x i u, i.e., 

o 

b + X = sup A in 4>CX).« 

O 

Remarks : Observe that the second part of the above proposition 
is also a consequence of Propositions 1.2.10Ci), 3.2.3 and the 

first part of the Proposition 3.2.4. Also, an OVVSS ACX) is not 
necessarily order complete even if X is so, e.g., the space c of 
ail real convergent sequences is not order complete, for the set 
{ n e W }, where a^=0 if i>n and for i n, =1 if i is odd 
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and ^ i® even, for n e N, is majorized in c, but has no 

supremum in c . However, the ideal restriction on A(X) yields the 
following characterization of order completeness. 

Theorem 3.2.5 : Let X and A(X) be Riesz spaces such that X is 

also order complete. Then A(X) is order complete if and only if 
A(X) is an ideal of Q(X) . 

Proof: In view of Propositions 1.2.10(i), 3.2.3 and 3.2.4, it 

suffices to prove the necessity. Let us, therefore, assume that 
A(X) is order complete and consider x , y in Q(X) with iyl <: 1x1, 

where x e ACX). For n in N, define a sequence z^ = { z^ } in Q(X) 

as fol lows : 

, Ujl, 

, i=n. 

Indeed, z^ = 1x1 - 5^^n* ^n, for n k 1. As 4>CX) c A(X), e 

A(X) ; V nil. Also, the sequence {z^ : nil} is bounded below by 

-1x1 in A(X) and so by the hypothesis, inf {z^ : n i 1}, say z, 

exists in ACX). But inf {z^: n i 1} = y in ftCX), as for any other 
lower bound a of {z^} in Q(X), we have a^^ y^, Vnil, i.e., a:^ 

y. Consequently, z ^ y in ftCX). For proving y = z, fix i in N and 
consider the set {z^:nil} in X. If a e X is such that z^^ a ^ y^, 
then u = z — 6^i ^ is a lower bound of {z } in ACX) such that u i 

z, which contradicts that z is the infimum of {z : n il} in ACX). 

Hence y.=z. , for each i in K. Thus y = z and so y e ACX). This 
1 1 

proves that ACX) is an ideal of fiCX).p 

Relating the Archimedean character and order convergence 
of X with that of ACX), we have the following results: 

Proposition 3.2.6: An ordered vector space X is Archimedean if 
and only if ACX) is so. 



74 


Proof: For proving the necessity, consider x and y in A(X) such 
that Xx i y , for all X in Then Xx^ s y^, for each n in K and 

for all X in R^. As X is an Archimedean space, we infer that 
x^ i e, for each n S;1 , i.e., x e in A(X) . Thus A(X) is 

Archimedean . 

Conversely, if x e X and y e K are such that xx ^ y, 

for all X in R , then X 6 ^ ^ 5^, for all X in R^ and for each 

arbitrarily fixed n in W. Consequently, 6 ^ 6 by the hypothesis 

and so X ^ 0 in X, i.e., X is Archimedean.^ 

Proposition 3.2.7: For Riesz spaces X and A(X), we have 

(i) x^^^ X in A(X), for each x e A(X); 

(ii) X® X in X, for each n e W if the net { x*^ : 

n n 

a 6 A }, x“ = tx“} , a e A, order converges to x in A(X); and 

(iii) if X and A(X) are order complete Riesz spaces and 
{x*^ :aeA} is an order bounded net in A(X) satisfying x” x^, 

for each n e N, then x € A(X) and x*^ x in A(X). 

Proof: (i) For n in W, write 

y*^ = lx - x^^^l = { 0.0, . . .0, , !x^^ 2 * > ■ • • • 

Then, y^ 6 obviously and hence x in A(X). 

(ii) If a net {x® : a € A} in A(X) order converges to x 
in A(X). then we can find a net { y“: a e A } in A(X) such that 
y“ 0 in ACX) and 

(♦) |x®-x|:£y“,V<x€A. 

Now y“4 0 yields that y“ in X. for each n in N and if 0 :S a e X 

n ot 

is such that a ^ y“, for some arbitrarily fixed n in W and for 
each a in A. then 0 ^ ^ y“ in A(X) for each a in A. 

Consequently, a = 0. Thus ^ e in X. for each n e N. Also, we 


have from (*) 
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~ ^ ^ ® ^ ^ V n € N, 

and so x“ x^, for each n e N. 

(iii) For proving this statement , let us consider an 

order bounded net { x“ } in A(X) and a point x in Q(X) such that 

x“ in X, for each n e N. Now, choose y e A(X) such that 

|x*^l ^ y, V a e A, i.e., 1x^1 i y^, for each a in A and n in fj. 

Consequently, Ix^l^y^, for each n e IN by Proposition 1.2.7(ii). 
As ACX), being order complete, is an ideal in OCX) by Theorem 
3.2.5, X e ACX) . 

In order to show that x"^^^ x, define nets {y^} and 

{z“} in Q(X) with y“ = a € A and n e K, 

(*) y”^ = sup x^ and z“ = inf x^. 

II II iio-.li 

p2;a p^a 

Then from the order convergence of {x“} to x , we have 

n n 

(♦*) sup z* = ^n ’ n ^ 

a a 

cf.[175], p.44. Also, from (♦), 

y“ = sup x^ and z® = inf x^ 

in OCX) and so ly“l ^ y, lz“l ^ y, for each a e A. Thus the nets 
{y®} and {z®} are contained in A(X) as ACX) is an ideal of OCX) . 


Further, by C**), 

sup z“ = X = inf y“, in ACX) 
a a 

o. u® = V®- z® e in ACX) and |x®-xl i u®, V a € A. 


Hence , x®^^ x in ACX). p 
Proposition 3.2.8: Let X be 
boundedness property. Then OCX) 
Proof: In order to show the 

consider a subset B of OCX) 
sequence {x^} c B and 0 in 


a Riesz space possessing the 
also possesses this property. 

boundedness property of £1CX) , 
for which X^^x” 0. for any 

R. For each m in K, write B^ for 
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the set of m-th co-ordinates of members of B, i.e. B = { x : x 
c §} . We now prove the order boundedness of each B . Therefore, 

HI 

for given m in N, consider a sequence {y } c B . Then* for each p 

pm ^ 

in N, yp=y^< the m-th co-ordinate of some y^e B. Now by the 
hypothesis , 

Xpp 6 in OCX). 

» Xpyp = Xpy™ e in X ; cf. Proposition 3.2.7(ii). 

Hence, B„ is order bounded, i.e., B c [a ,b ], for some a ,b in 
m m m m m m 

X. Write a = and b = Then a, b are in OCX) satisfying 

B c [a.bl. This completes the proof 

Proposition 3.2.9: If X is an order separable OVS, then so is 
ACX) . 

Proof; For the order separability of ACX), consider a set B in 

ACX) for which b = sup B exists in ACX). Write B^^ for the set of 

m-th co-ordinates of B, m e N. We then claim that b^^ = sup B^ , 

V m ^ 1; for otherwise, if there exists some m in N such that for 

‘~*‘ *"* h '^a 

some acX, x^a<b,VxeB, then x ^ b - 5m < b, for each 

mm m 

X G B, contradicting that b = sup B. Hence by order separability 

m C n ) 

of X , for each m e K , we can find a countable subset {x^^ : 

n e IN } of B such that for each m in W, 
m 

, , mCn) . „ ^ 1 

b = sup { x„ ; n €tJ } . 
m III 

Now if A = { m e N, n e N >, then A is a countable subset 

of B such that b = sup A in ACX). Hence the result follows.^ 

Relating the projection properties of bands in X and 

ACX) , we have 

Proposition 3.2.10: Let X be a Riesz space such that ACX) is an 
ideal of OCX). Then 

Ci) The set 8^^^= e § } of m-th co-ordinates of 
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members of a band B of A(X) , is a band in X, for each m in N. 

Further, B is a projection band in A(X) if and only if each B is 

m 

a projection band; and 

(ii) For a band B in X, B^^^ = { 6^ ;x e B}, m e N, are 
bands in A(X) ; and these are projection bands in A(X) if and only 
if B is a projection band in X. 

Proof: (i) As B is a band in A(X) , the sets B ’s are clearly 

m 

linear subspaces of X. Also, for given m in K, and y in X with 

lyl |x I, for some in B_, , we have 15^i ^ 1x1, for some x in 

m HI ro m 

B. Thus 6^ e B, i,e., y e B. by the definition of B_^ . For 

DQ m M 

proving that B is order closed, consider a net { x“ : a e A} in 
m m 

B such that e i x“ x in X. If {x“} c B is such that x“ = 
m m a 

a _ _ 

{x“}, then ^ lx“l, V a e A and so 5„m € B for each a. 

mm lu 

Y® Y 

Further, we claim that 5^m ^ 5^ in ACX), for if a € A(X) is such 

— CC 

that 6 m ^ a, V a € A, then e i a„, for each n in N and 6 ^ x 
m 

a , V a € A, and so 6 x a^; hence 6^6^ 5a. AsB isa band 

m Hi lu 

of ACX) , 6^ e B. Consequently, x e B . Thus B is a band of X. 

m m 111 

For proving the second part of (i), let us assume that 
B is a projection band . Fix m in W and consider 5^^^ in ACX) 
corresponding to a positive element u in X. Then, by Proposition 
1.2.1lCi), there exists x in ACX) such that 


X = sup { w€B: 65W56^} 

^ X = sup { weB; 65W5u 3 inX. 

m 

Hence B is a projection band, 
m 

In order to establish the converse 
element u in ACX). Then. from our hypothesis, 


consider a positive 

we can find {x„} c X 

m 


Xjjj = sup { w € B^: e 5 w 5 Ujjj}, V m e N 


such that 
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If X = then 0 i x 5 u and . 

(*) X = sup {weB:e:Swiu) 

in Q(X). As A(X) is an ideal of ft(X), x e A(X). Thus B is such 
that (*) is satisfied for each u ^ 6 in A(X). Hence B is a 
projection band in view of Proposition 1.2.11(i). 

(ii) For proving this part, consider a band B in X and 

B = { 6^: X e B } in A(X) , for a given m in W. Then B is clearly 

m m IB 

a solid subspace of A(X), as B is so in X. Also, for a net {5^a } 

m 

in B such that 6 £. 6^a x in A(X), x .= 0 V j?fm and x = sup x , 
m ma J m a 

a 

i.e., X e B. Consequently, x = 5^m €§; i.e., B is a band of 

m m m ID 

A(X) . 

Now assume that B is a projection band in X and fix m 
in N. Then for any arbitrary element u ^ 0 in A(X), we can find x 
in X such that 

X = sup { wcB: 0<:w^ u }, 

m 

cf . Proposition l,2.1lCi). This would imply that 

5^ = sup {weB:0:Swiu}. 
m m 

Hence, B^^^ is a projection band in A(X), for each m in N. 

The converse would be true if B^^^ is a projection band 
for some m in N, in view of necessity of (il.p 
Making use of this result , we derive 
Theorem 3.2.11: Let X and A(X) be as in the above proposition. 
Then we have 

(i) X has projection property if and only if ACX) has; 
(ii) X has principal projection property if and only if 

A(X) has; and 

(iii) X has sufficiently many projections if and only if 


A(X) has . 
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Proof: (i) The necessity of (i) follows immediately from 

Proposition 3.2.10(i); whereas the sufficiency is a consequence 
of Proposition 3.2.10(ii). 

(ii) For showing the necessity, consider a principal band 

B- generated by v={v^} in A(X). Then using the hypothesis for the 

bands generated by the elements v , m i 1, for any positive 

m 

element u = lu } in A(X) , we can find a sequence {x } in X such 
ro m 

that 

( + ) ^ ^ ^ meB^, 

cf . Proposition 1.2.11(ii). Write x = {x }. As 0 i x i u , x is an 

m 

element of A(X) . Also from (+) 

X = sup { u A n|v|: n i. 1}. 

Thus A(X) possesses the principal projection property. 

In order to prove the converse, observe that for given 

m in IN, the band B,-x generated by 8^ in A(X), corresponding to a 

5 m 

m 

principal band B^ in X, we have the existence of z in A(X) such 
that 

(++) z = sup { 5^ A nl5^1 : n=l , 2 , . . . } , 

m m 

where y is an arbitrarily chosen positive element in X. Thus we 
have f rom (++) , 

z = sup { y A nlxl: n=l,2,...} 
m 

in X. Consequently, B^ is a projection band in X and (ii) 
foil ows . 

Aliter: Use of Proposition 3.2.10 enables to give an alternative 
proof of this part which we present here. Invoking the notations 
of the proof of the Proposition 3.2.10 and the above proof, we 
observe that for given m e N, , for the principal band B 
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= . Indeed, the inclusion is immediate from the facts 

m 

that v^e B^ , B^ is the smallest band containing v and 

m 

Proposition 3.2.10(i); and for the other inclusion, if x € B , 

mm 

then for the corresponding x in B-, we have a net {x“} c 

with x“ i V a 6 A, {X^l c , such that 6 i x“ t |x|; 

consequently , e ^ x“ t Ix^l , and x^^X |v |, VacA, i.e., 

‘“in in a m 

X e B^ . Hence we get B^ s B^ . Now apply Proposition 3.2.10(i) 

to get the necessity of (ii). 

For proving the sufficiency, let us note that the 

principal band B^x generated by 5^, x e X, m e W, is the set {5^: 

in in 

m 

y € B} , where B = B^ . Indeed, if B = {6^: y e B 3, then B is a 

X m 

band containing 6^ by Proposition 3.2.10(ii) and so B-x c B. For 

m o 


V 

the other inclusion, consider an element 5 in B with y e B. 

in 


Then, 

we can 

find a 

net {x } in Ir^-, with 
a ix} 

X 

a 

^ X lx 
a 

! , V a e A, 

(X }c 
a 

such 

that 0 

i X T|y| in X and so 
a 

e ^ 

Sla 

m 

16^1 , where 
m 

oa ^ 
m 

a m 

X 15^1 
a m 

, yields that {5^a} is 

m 

contained 

in I,jX, . 
m 

Consequently, 

B^x s 
^m 

B. Now the result follows 

from 

Proposition 

3.2. lO(ii) . 







(iii) As a 

non trivial projection 

band 

in X 

corresponds 


to a non trivial projection band in ACX) and vice-versas by 
Proposition 3.2.10; (iii) follows immediately from the definition 
of sufficiently many projections.^i 

Remark: We may point out here that an ideal A(X) becomes order 
complete in case X is so; and an order complete Riesz space 
always satisfies the projection property and so the principal 
projection property and has sufficiently many projections. Thus 
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c (X) = { X = {x }• 




the above results have relevance only in the case when X is not 
order complete. In such a situation, it is natural to look for 
the VVSS which are ideals in Q{X). An example of such a space is 
provided in 

Example 3.2.12: For an arbitrary Riesz space X, consider the 
space c (X) defined in (3.4.4) as 

' 0 in X } . 

Then, this space is an ideal in fi(X) irrespective of X being 
order complete, cf. Proposition 3.4.5(i). 

3.3 Topological Properties of X(X) : Let us reproduce from Section 
4 of Chapter 1, the (VVSS) (X(X),T^^^^) as 

(3.3.1) X(X)= {x ={x^}:x^eX, inland {p(x^)} e X, for all p e S> } , 

where X is a normal SVSS, (X,t) a locally convex space with r 
being generated by the family 3 of seminorms; and is 

generated by the family (Pg^ S e C .P e 25 } of seminorms with 

_ _ ® _ 

(3.3.2) PoCx) =(p„op)(x)=p„({p(x. )3)=sup Y lp.lp(x.), xeX(X). 

^ ^ 3 1 {|3.}es i = l ^ ^ 

Here ^ is a family of normal hulls of balanced, convex, a(X^,X)- 

X X 

bounded subsets of X , covering X . 

As mentioned in the introductory remarks of this 
chapter, we prove in this section the impact of topologies of X 
and X on T^(-x) vice-versa. Let us begin with 

Proposition 3.3.3: Let (X,t) be a locally solid Riesz space with 
25 consisting of Riesz seminorms. Then X(X) is an ideal in (1(X) 

and is a locally convex solid topology on X(X). 

Proof: For proving the solid subspace character of X(X) in Q(X) , 
let us note that 6 ^ pCy^) ^ p(x.), V i e N and for all p € 21, if 
lyl^lxl in ft(X). Let us assume now that x e X(X). Then {p(Xj^)}€ X 

by the definition of X(X) and so {p(yj)}^ ^ sny y in Q(X) 
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ith lyl ^ lx| , by our restriction of normality on \ , i.e., 


y e X(X). 

In order to show that is a locally convex solid 

topology, consider p e 3 and S e Then by our hypothesis, 
p(x. )ip(yj^) , for each i in W, and for each x. y g X(X) with 
|xl:£lyl and so 

_ CD ^ _ 

p (x) = sup Y. iPJp(x.) i sup Y = Pc(y)- 


{^.)€S i=l 


}eSi=l 


Thus the seminorms generating the topology Riesz 

seminorms and hence is a locally convex solid topology. 

This completes the proof, p 

A partial converse of the above result is contained in 
Proposition 3.3.4: Let X be a Riesz space equipped with a locally 
convex topology r generated by the family 3 of seminorms. Then x 
is a locally convex solid topology provided \(X) so . 

Proof: Let us consider p e 3 and x,y e X with Ixl^lyl . Now, 


choose Sec for which M = sup p e S } >0, for a given i^ 

O 

in IN. Then 

M p(x) = PgC6^ ) = (Pgop)(6^ ) (pgop)(6^ 

o o o o 

yields that p is a Riesz seminorin. As p € 3 is arbitrary, x is a 


locally convex solid topology. 

From now onwards in this section, we assume that the 
pair (X,t) stSLXids for b HBUsdorff locally convex solid Riesz 
space with the topology x generated by the family 3 of Riesz 
seminorms and the sequence space X is equipped with the normal 
topology T](X,X^), defined corresponding to the family C 
consisting of balanced, convex and normal hulls of singleton sets 
in x’'. In this case, for ^ in X^ with S as the balanced, convex 
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and normal hul 1 of p and p € 25, we write P„ m P— which takes the 

5 p 

form 


CO 


Po(x) = ^ |^ lp(x ), X e XCX). 

P i=l ^ ^ 

Interrelating various properties of Riesz seminoriis, 

namely, a~Lebesgue, Lebesgue, pre~Lebesgue , a^Fatou and Fatou; 

of. Definition 1.3.11; for the families 2^ and have 

Proposition 3.3.5: p € 3 satisfies the a-Lebesgue property in X 

if and only if the corresponding seminorms P- , i e , satisfy 

P 

the same. 

Proof: For proving the necessity, consider e X^ and a 

sequence {x^} in X(X) such that x’^'^ 6 in X(X). Then x^ 6, for 
each i e N by Proposition 3.2.7(ii) and so p(x^) — > 0 as n — wo, 
for each i 2:1 . As Ip. I pCx^) < oo, Vn , for an arbitrary fixed 

e >0 and n=l , choose i € IN such that 

O 


00 


1 


Y. I^.lp(x.) < e 
i = i +1 

O 


V n 2 l . 


=,► 0 :£ P-(x’^)= Y |^. Ip(x^) ^Y 

P i = l ^ ^ i = l ^ ^ 

^ Po(x^) — » 0 as n — > 00 , as p(x^) — » 0, for each i 2l . 

Thus Pt satisfies the a-Lebesgue property. 

P 

To establish the converse, consider a sequence {x^} in 

X such that x e in X. For given i in N, let us take an 

n ^ 

element |3 in for which Then S^n d in X(X) and so 

o o 

P-(5^n) — » 0, as n 00 . But Pg^^^n) = Ip. I , V n 2 1 and 

P P o O 

hence p(x ) — >0 , i.e., p is a cr-Lebesgue seminorm. , 

n 

Proposition 3.3.6: p e 2 satisfies the Lebesgue property if and 
only if the corresponding seminorms for p e X , satisfy the 


same . 
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Proof: For proving that satisfies the Lebesgue property if p 
does , consider a net { x“ } in XCX) with x“ 4 g x(X). Then 
X® ^0 in X, for each i ^ 1. Now, for an arbitrary fixed e > 0, 
as well as for fixed a , we can find i e M such that 

O O 

00 ^ 

I IpJ p(x“o) < £. 

i = i +1 


O 



As Y. I^.l p(x“) — ♦ 0, we can find a. 2 ; a such that Y P<x“) 

i=l ° i=l ^ ^ 

< e , V a 2; . Hence 

Pr(x^) < 2e, V a ^ a. , 

P 1 

i.e. , P^Cx®) — »0. 

P 

The converse follows by proceeding on lines similar to 
the proof of the converse part of the preceding proposition by 
considering a net in place of the sequence. 

Proposition 3.3.7 : p e 3 possesses the pre-Lebesgue property if 

and only if Pt , p e X*. have the same. 

P 

Proof: Let us assume that each p e 3 has the pre-Lebesgue 

property and consider an order bounded disjoint sequence {x } in 
X(X). Then Ix’^l :S x, for each n e N and for some x={x.} in X(X) , 
yields that {x^} is an order bounded disjoint sequence in X, for 

each i e W. Hence by our hypothesis, p(x^) — y 0, as n » co, for 

all i in N and for each p in 3. Now fixing p e 3 and p e X 

00 

arbitrarily, for given £ >0, choose i e W such ifiat Ptx^) 

° i=i +1 


< £. 


Then 


P-Cx"") = E iPi' ^ I '^i' P^*i^ ^ 

P i=l ^ i=l 

P_(x^) — » 0, as pCx^) — » 0, 1 i i i i^. 

For the other part, observe that for any disjoint order 
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X 

bounded sequence in X, {5.n ) is an order bounded disjoint 

sequence in X(X) for each i . Then for p e , with P-tJ 0 and p 

O 

e 25, we have 

P-(5^n ) — ^ 0, as n — > oo 

P \ 

Thus p satisfies the pre-Lebesgue property. ^ 

Proposition 3.3.8: p is a a-Fatou seminorm if and only if P^ for 
P in X^ are so. 

Proof: Let p satisfy the a-Fatou property. Then for proving the 

a-Fatou property of P^ for ^ e X^ , let us consider a positive 

increasing sequence in X(X) such that x^ x , for some x in 

X(X). Then 0 ^ L x. in X, V i 2:1 and so p(x^) ^ pCx.), for 

each i e IN. Consequently, 

m m 

(♦) i Ip.l pCx^) I IpJ P(x.), V m il. 

i=l i=l 

If a e IR is an upper bound of the sequence {P-(x ): n, 2 l}, then 

00 

^ I p(x") i a, V n 2:1 
i = l 
m 

^ ^ 1^.1 pCx.) <: a, V ra 2 l , by (♦). 

i = l ^ 


Hence 

00 

= V Ip. I p(x. ) i a 
P i = l 

^ 0 :s P^(x”) 

In order to prove the converse part, choose p e X with p^^ 


Then for 6 ^ x^''^ x in X, 5\n 'f' 5^ in XCX), and 

O o 


SO 


W, I P(x„) = Pp(a^ ) J Ppcaj > = IP, 1 P(x) 

O 


pCx ) ^ pCx) 
n 


Thus p is a q-Fatou seminorm and the proof is completed. g| 
Proposition 3.3.9: The family 31 of Kiesz seminorms generating the 
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topology T on X, consists of Fatou-seminorms if and only if the 
corresponding family of seminorms on X(X) is of Fatou~seminorms . 
Proof: The proof is omitted as it is analogous to that of the 
preceding proposition; indeed, replace the sequence by a net and 
a-Fatou property by Fatou property. ^ 

Concerning the spaces X and X(X) , the preceding 

propositions immediately lead to 

Theorem 3.3.10: (X,t) is a a-Lebesgue (resp. Lebesgue, 

pre-Lebesgue , q-Fatou or Fatou ) space if and only if 
(X(X) ) is so. 

Proof: We establish the result for q-Lebesgue property as the 
other proofs follow analogously. 

If (X,t) is a q-Lebesgue space, then (X(X) , T^^^^ ^ ) is a 
q-Lebesgue space by Proposition 3.3.5. 

Conversely, assume that (XCX) ) is a q-Lebesgue 

space. Fix i^ in N. Then, for Pc ^(x)’ ^^® seminorm on 

X as 


qp(x) = P(6^ ). 

O 

As P is a q-Lebesgue seminorm , qp would be so , for x^'*' 0 in X 
S^n '1' 6 in XCX) and so q (x^) = PfS^n) — > 0, as n » co. If 

o o 

is the topology generated by the family ^ ^ ®X(X)^’ ^^®^ 

(X,Tj) is a q-Lebesgue space such that the topology Tj is 

equivalent to t.h 

3.4 Duals of Ordered Vector Valued Sequence Spaces . The purpose 
of this section is two-fold, namely, (i) the investigations of 
the results concerning the Kothe and the sequential order duals 
of a general ordered vector valued' sequence space, and (ii) 
finding the precise forms of the Kothe duals of some particular 
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vector valued sequence spaces defined analogous to the spaces 
t > c, c^ , bv and bv^ . Accordingly, we divide this section into 
two parts ■— first one dealing with the problem (i) for an ideal 
A(X) in Q(X) j defined corresponding to a Riesz space X and the 
second one incorporating the Kothe duals of the spaces ^®(X) , 
Z (X) , c(X) , c (X) , bv(X) and bv (X) , introduced in this 

o o 

subsection . 

Duality between A(X) and [A(X)] ^? The basic assumption throughout 

this section is the consideration of those Eiesz spaces X for 
s o 

which <X,X > forms a dual pair. 

Let us recall from Section 4 of Chapter 1 , the 

generalized Kothe dual A^(X®°) of MX). Since X®°is a Riesz 
X s o 

space, A (X ) i s an OVS with respect to the co-ordinatewise 

X so 

ordering. With this ordering, A (X ) is an order complete Riesz 
space, as shown in 

Theorem 3.4.1: If X is an order complete Riesz space and A(X) is 

an ideal in D(X), then A^(X®°) is an order complete Riesz space. 

Proof: In view of Propositions 1.2.10(i), 1.2.20(ii), 3.2.3, 

3.2.4 and 3.2.5, it suffices to show that A^(X^^) is an ideal in 

i)(X^^) . For proving this statement, we first establish that 

A^(X^^) is a Riesz space. Assume the contrary. Then we have an 

~ X s o 

element f = {f ) in A^(X®°) such that |fl = {|f 11 is not in A (X ), 
n ** 

and so for some positive element x={x^} in A(X), 
n= 1 ^ 

Hence the sequence t J] <x.,|f } is not a Cauchy sequence in R 

j = l ^ 

and thus there exists e >0 and an increasing sequence {nj^} of 
positive integers such that 


88 


n. 


k+1 
’ < 


y <x . , If J > e . V k 2: 1 
. . 4 j J 


As 


we cs-H 


<x-,ifji> ~ ^ i^y>fj^i • 'y' i Xj } . V j G w> 

find a sequence (Vj) in X with e s IVji ^ Xj. n^*l s j s 


ji , k 2i 1 such that 

^k+ 1 ^ 

E 1 i e. V k i 1 . 

j=nk+l 

Now. define z = {z„J 

n +1 5 m i 


, k i 1 


m 


rm ’ 

-[e . o 


therwise 


Clearly, Izl ^ x and so i e A(X) . But 

111 . 4 


<x) ^k+ 1 

l K-i’^i^" y.i = “ ■ 

j=l _ .XwySOw 

i- • f in a’^(X®°). Hence Ifl e A (X )• 

This contradicts the choice of f m A 

Thus A^X®°) is a Riesz space. ^ ^ 

The solid subspace character of A (X ) m 

. the preceding paragraph and the following 

immediate by the preceams 

ineqiial it ies 

"=‘ - . /'so, j in QCX-) with lil ^ Ifi == - 

valid for any f in A (X i. 8 

•••“"' ••'“'Z Z 

sequential order dual, is contained in 

.heore. 3... .et X he an order , „„ ,,, i. 

MX) is an ideal m Q(X) . Then ^ 

in IACX)1=° if and 
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s o 

F={f^}, f^€ X for all n 2:1 such that 

(3.4.3) f(x) = < X, F > = ^ > V x = {x } e A(X). 

n=i n n n 

Moreover, the mapping n, defined by the relation it(f)=F , where f 
and F are as in (3.4.3), is a normal Riesz isomorphism from 
[A(X)]®° onto A^(X®°). 

Proof: In order to prove the necessity, we restrict ourselves to 

s o 

the positive members of [A(X)] as it is a Riesz space. Let us, 

therefore, consider f e [A(X)]®° with f i e. As X5^ + 5^, 

n n n 

for n i 1, x,y € X and X e R, we define a sequence of 

positive linear functionals on X as follows: 

= < si. t>. X E X. 

Since f is sequentially order continuous , each f^^ is so as for a 
sequence in X such that Xj^ 0 in X, 6^k 0 in A(X), for 

each n and so fj^’s are sequentially order continuous as f is 
so. Thus {fj^} c X®°. 

We next prove that € A^(X®°). Let x € A(X) . Then 

^(n)(o^ X by Proposition 3.2.7(i) and therefore, f(x^^^) — > f(x). 


But 

(*) fCx'-^O = f(y 6^i) = I f(5fi) = I <x ,f.> , V ne K. 


Hence 

_ _ r I ® - - 

(**) f(x) = lim f(x^*^0 = ^ <x.,f.> = <x ,F>, 

n— »oo i = l 

where F={f }. Thus F e A^(X®°). In order to complete the proof, 
n 

it remains to show that F e A^(X®°). As |xl e A(X), we have 

OD 00 

Y |<x.,f.>l ^ Y. ® . by (♦♦). 

i=l ^ ^ i=l 

Consequently, F e A^(X®°). Let us also note that (♦♦) is the same 
as (3.4.3). Further, the uniqueness of F satisfying (3.4.3) is 
immediate from its construction; for if G € A (X ) is such 
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that (3.4-3) holds for each x in A(X), then 

. (X) = <6^G> = lisl) = <6j. F> = f„0<),V n € W and X e X, 

n 

thus f„- . V n al , i.e., F = 5 . ^ , 

For proving the converse, consider F e A (X ) with 
p={f ) and define a mapping f from A(X) to IR as follows : 

f(x) = E_<Xn>fn" ’ ^ ^ 

Clearly. ? ^ ““ 

prove that f is sequentially order continuous. Let U^) be a 

poquenoe in A(X) such that lS>5 in A<X,. Then we can find a 

sequence (?“) in A(X) with 5“^-^ § in A(X). Since IFI=llt„ll 

,s in by Theorem 3.2.1 < »■ Hence for an 

sn thpre exists i e W such that 
arbitrarily chosen e >0, there exisi. ^ 

I <yj .lfjl> < e/2 
i = i +1 

^ l <yi ’'^i'' < e/2 . V k i 1. 

i = i +1 

° k • 1 If l> — > 0 

AS fpE x=°, V n a 1 and yj i- e .V 1 ^ Xi' i 

in r! W i a 1. Thus we can find k^e It such that 

v‘’<y^, If . 1> < e/2 , V k 2: k^. 
i = l 

Consequently, ^ 

r< -y\ i?i> 

£ E°‘X^ I'i'" * 
i=l 

< c/2 ^ c/2 = c, V kak^ 

— 4- n Q 1 1 V order continuous. 

^ f is sequentially oraer 

K ■ IACX)l"° provided f is order bounded. 

Now f would be in (ACX)l proposition 

being order complete, is Archimedean, 
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3 . 2 . 6 . Further, IR has boundedness property and hence f e [A(X)]^, 
by Proposition 1.2.23(i). 

For the last statement, observe that the mapping 71 from 

[A(X)]®° to A^(X®°) , such that 7 t(f)=F, is well defined since 

““SO — 

each f in [A(X)] corresponds to a unique F. n is clearly 

linear, one*“one and onto. Further, tc and tc ^ are both positive. 

Thus TC is a Riesz isomorphism. It is normal as its kernel in 

[A(X)]®° given by ={f e [A(X)]®°: nCf) = 0 } ={ 0 }, is a band 
s o 

in [A(X)] ; cf . Proposition 1.2.24. Hence the result is 

completely established.^ 

Duals of Certain OVVSS : Using the ordering of an order complete 
Riesz space X, we introduce in this subsection, certain OVVSS 


which are analogous 

to 

the 

we 1 1 -known sea 1 ar 

valued 

sequence 

spaces , c, c , 

bv, 

bv 

ft 

and cs (cf. [96]). 

Besides 

finding 


O O 


their order structural properties with respect to the 
co-ordinatewise ordering here, we also investigate their 

SO 

generalized Kothe duals corresponding to the dual pair <X,X >. 

Let us assume throughout the subsection that X is an 
order complete Riesz space such that <X,X > forms a dual pair. 


We now define 
-e^(X) 


^®(X) 


c(X) 


(3.4.4) c (X) 


bv(X) 


bv CX) 

O 


il 

= -^ {x )c X : {y |x.|} order converges in X}-, 

^ n 1 

= ^ {x )c X : supdXj^l) exists in X^, 
nil 

= 1 {x }c X : {x } order converges in X}-, 

' n n 

= ^ ^ • ^^n^ order converges to 0 in Xj>, 




) order converges in X^, 


^ {X }c X : (E order converges in X 

"" i = l and x^^ 6 in X)^, 
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= bv(X) n c (X), 

° 

cs(X) = ■{ X : {J X.) order converges in X}>. 

Replacing X by X in (3.4.4), we have analogous OVVSS 

s o 

defined corresponding to X 

Concerning these spaces, we have 

Proposition 3.4.5: (i) -C^(X), c^(X) and ^®(X) are ideals of ft(X) 

such that (pCX) c -C^CX) c c (X) c ^®(X); 

O 

(ii) c(X), bvCX), bv (X) are Riesz subspaces of OCX) 

o 

containing <t>(X) such that bv (X) c bv(X) c c(X) c Z^(X) ; 

O 

(iii) cs(X) is an ordered vector subspace of Q(X) such 


that 0(X) c cs(X) c -d'^CX). 

Proof: (i) For x € (p(X) , we have x = 6, for n >n for some n in 

^ n o o 

n ^ N o . 

W, and so ^ lx . I ^ ^ lx. I as n — * a>, yields that 4»(X) c -t (X). 

i=l ^ i=l ^ 

For proving >d^(X) c c (X), let us consider x ={x„} in -t^(X). Then 

o n 

n 

^ Ix.l T X, for some x in X and therefore 
i = l ^ 


n 


n-1 




(o) 


i = l 


i = l 


e 


4 {x } € c (X) . 

n o 

As any order convergent sequence is order bounded, 
c (X) c ^®(X). Thus «J>(X) c ^^(X) c c (X) c f’iX}. 

o o 

Whereas order completeness of X gives the linear 

subspace character of -€^(X) and ^t^CX); in view of Proposition 

1*2. 7(i), c (X) is a linear subspace of Q(X). 

o 

For proving the ideal character of these spaces, 

consider x, y in ft(X) with lyl £ 1x1. 

If X e ^^(X), then IxJ x, for some x e X. But 

n n ' = ' 

Z ly,l lx.l X. Vn^l, implies that (E lyi'^ 

i=l ^ i^l 1 i=l 
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bounded sequence in the order complete space X and hence ^ ly.l'^ 

i = l ^ 

y , for some y € X , cf . Proposition 1.2.7(iii). Thus {y.}e 
^^(X) . 


If X e c (X), then iy I :£ lx 


(o) 


n 


n 


e y, 


(o) 


6 in X , 


i.e., y e c (X) 


If X e -€ (X), then clearly is an order bounded 

sequence in X and so its supremum exists in X as X is order 
complete. Thus y e ^ (.X) . 

Cii) By the definition of c(X) and Proposition 
1.2.7(i), it is a Riesz subspace of OCX) containing c (X). 

O 

Let us now consider the space bv(X) which is a linear 
subspace of OCX), for if x, y e bvCX) , then the inequalities 

1=1 1=1 1=1 
along with the order completeness of X, yield that x+y e bvCX). 

Similarly, ax is in bvCX) for a e R and x e bvCX). Riesz subspace 

character of the space follows from the inequalities 
n n 

2 I Ix.^^l-lx. I I + . V n e IN, x e bvCX), 

and the order completeness of X. Also, (J>CX) c bvCX), for if x e 


(|>(X) , then 
n 


n 

I in X, where 6, V n >n^. 

i=l i=l 

As bv CX) = bvCX) n c CX), the proof for bv CX) follows 

o o o 

analogously. 

n 

Further, let x e bvCX) and z = |x. .-x.l, nil. Then 

^ j=i J i J 

there exists a sequence ^ element x in X such that 

lZn“Xl ^ y^, for each n in W with 6 in X. Hence 

\Z-Z\ ^ |2 -Xl + lz -X| ^ y^ ^ 


n in 


n 


m 


, V Bsffi ^ k 
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{z^) is an order Cauchy sequence in 


X 


{x^} is an order Cauchy sequence in X. as 
, , P n+p-1 n-1 

for n,p e IN. Consequently, ^ c(X) by Proposition 

1.2.13(iii). Thus bv(X) c c(X). 

The inclusion c(X) c ^®(X) follows from the fact that 
every order convergent sequence is order bounded. 

(iii) This part is obvious by the definition of ordering 
under consideration, namely, co-ordinatewise ordering and 
Proposition 1.2.7(i).p 

Remarks: Note that if X = K, the spaces c(X), bv(X) and bv (X) 


are not ideals of OCX), and the space csCX) is not even a Riesz 
subspace of OCX). Indeed, if we take x={ 1 , 1 , 1 , . . . . } and 
y={ 1 , 0 , 1 , 0 , . . . } , then x e cCX) and bvCX) with |y| s 1x1, but y is 
neither in cCX), nor in bvCX) ; also for bv CX) , 

O 

u={l , 1/2, 1/3, . . . . ) e bv CX) and v={ 1 , -1 /2 , 1 /3 , -1 /4 . . . } ^ bv CX) , 

O O 

though lv|=lu!. For the space csCX), consider the sequences 
{C-l)’^/n) and {1/n}, where {C-D^^/n} is an element of csCX) but 
Cl/n} is not in the space. Thus csCX) is not a Riesz subspace of 
OCX). 


We now find the Kothe duals of the spaces introduced in 
C3.4.4). Let us begin with 

Proposition 3.4.6: For an order complete Riesz space X, 

Ci) C^®CX))’^ = ^^CX®°); Cii) Cc^CX))^ = ^^CX®°); 

Ciii) CcCX))"" = ^^CX®°); and Civ) C^^CX))"" = >e®CX®°). provided 

s o 

every aCX ,X)-bounded set in 
is order bounded in X®° . 

Proof: Ci) For proving .C^CX^°) c iZ CX)) , consider f e .C CX ) 



95 


oCO, 


and X e ^ (X). Then for k , 

k k k 

E Ifn^’^n^' ^ E ^ ^E If ^ 

n=l n=l n=l 

where x in X is such that lx I i x, V n and g is the order 

k k 

limit of the sequence { Elfr,'^ i-e., E If I J ^ 

CO 

Thus, Y. I^n*‘^n^* ^ ^ and so f e (^®(X))^. 

n=l 


To prove the other inclusion, let feC^ (X)) and write 


n 


“ Elfjl’ f°^ n i;l . We now show that Cg^^Cx)} is a Cauchy 

sequence in R for each x in X. Assume the contrary. Then for some 

X in K, there exists e >0 and an increasing sequence of 

positive integers such that 

“^k+l '^k+1 

e ^ g (x)-g (x) = J] I f.|(x)= Y sup { If . (y) I : lyUx} , Vk 2 :l . 

"k+1 ^k i=nj^+l i=nj^+l 

k k 

Choose y. e X with ly^ls x for Hj^+I ^ i £ ^k+1 ’ ^ ^ f such that 
^k+1 

<*) e =£ E lfi(y^>l > V kil. 

Now define z={z } in 0(X) as follows : 
m 


'■H 


y^, n,,*! s » s , kU 

0, otherwise 


Then z e -C (X) as |z„| i x, V m e W. Also, by (*) 

m 

00 00 k+1 

E = E, E 

i = l k=l m=nj^+l 

This contradicts the choice of f in (-C (X)) . Hence, {g^(x)} is a 
Cauchy sequence in R for each x in K and so for each x in X. Let 
us write 


g(x) = 1 im , X e X. 

n— MO ^ 

Then g is a linear functional on X such that g in X by 

Theorem 1.2.22(ii). As {g^}c X®°. g e X®° by Theorem 1.2.20(ii). 
Hence f € ^^(X®°) and we conclude that (^®(X))^ c ^ CX ). 
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(ii) As c^(X) c I (X), in view of ( i.) it suffices to 
prove that (c^(X)) c t (X®°). Therefore, consider f={f } in 

X . " " 

(c^(X)) and write ^ 1 • We now show that {g^(x)} is 

a bounded sequence in IR for all x e K. Let us assume the 

contrary. Then there exists x e K and an increasing seQuence {n } 

Ic 

of positive integers such that 


1 ;S g (x) ; 
1 


and 


n 


k+1 


2 ^ g (x)-g (x) = 2 sup {If (y)l: lyl :£ x } , k i 1 

"k+1 "k 

k k 

Hence we can find y. e X such that ly.U x, n, +1 ^ i in,..;, kkl 


‘k+1 


and 

(**) 


n 


. k+1 

2*^ i ^ If. (y^)| . V k 2 :l 
i=nk-l 


Now, define z={z^} and x={x^} in fl(X) as 




yJ/2‘‘, n^+1 Si 
6 , otherwise 


r x/2' 
e 


ttk+li; i :snk.^j.k2:l 


, otherwise 

Then x € cCX) by Proposition 1.2.7(iv) and |z| i x. Thus z e c(X) 
and also from (♦*) 

“ "k+ 1 


00 


00 


Elf.Cz.)|=E I If Cy^/(2-))l = « . 
i=l ^ ^ k=l i=nk+l 

Y X 1 s o 

This contradicts that Cf^} e (c (X)) . Thus (c (X)) = >C CX ). 

1 O O 

(iii) Immediate from (i),Cii) and the inclusions c (X) c 


c(X) c ^"^(X) . 

Civ) For proving c C-C-^CX)) , consider in 

^®(X®°) and x={x } in ^^(X). Then for each kS:l , we have 
k ^ k ^ 

where g= suplf I in and y € X is such that k ^ 

n n=l 

n 


k ^1 , 
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Hence, fe (>e^(X))^ 


Conversely, let f = (f„}e«:‘(X))\ For proving thet the 
set {|f^l:nil3 is order bounded in X®°, we show that it is 


s o 

a(X ,X)- bounded. Assume that it is not true. Then there exist x 
in K and an increasing sequence positive integers such 

that 

k2^ s If Kx). V kil 
"k 

=» k i If |(x/2^) = sup {|f (y)|: |yl:S x/2^} , V kkl . 

k ^k 

1/ 

Choose y in X with ly x/2 , V k^l such that 
"k ^k 

k :S I f (y ) I , V k^l . 
k "k 

Now define a sequence in X by 


m 


n 


= f “ =^k 

^6 . otherwise. 


As Y, "t X , { ^ Iz.l) is order bounded in X which is order 

k=l i=l 

complete, and hence z = {z )e -t^CX); but 

m 

m=l k=l k k 

— lx 

This contradicts the choice of f in it CX)) . Hence the set 


(If I; nil} is an order bounded set in X 
n 


so 


* •#* / V S O \ 

1 . e . , f e t i\ ) . 


Consequently, C-C^(X))^c ^®(X“°). This completes the proof 

For the Kothe duals of OVVSS defined by the elements of 
the sequential order dual X®° of a Riesz space X, we have 
Proposition 3.4.7: Let X be an order complete Riesz space such 


that every 

o(X,X®°)- bounded set 

is 

order 

bounded in X. 

(i) 


-e®(X) ; 


(ii) 


C i i i ) 

(0 = 

o 

^^(X) ; 

and 

(iv) 

(c(X®°))’‘ = 

Proof: (i) 

The inclusion 

-e^'cx) 

c 

(.e^(X®°))^ follows 


-e^(X) . 


inequal it ies 



n=l 


n=l 


n=l 


valid for each f = {f^) in and each x={x} in -t^CX) . where 

k ^ 

I lf„l k S and X € X is such that lx I ^ x, V n^l 

n=l ^ 

For proving the other inclusion, namely. (^^(X®°))^ c ^®(X) . 
consider x — {x^} g (-£ (X )) . We now establish the boundedness of 
the set { f ( I x^l ) : n 2 :l ) in F for each positive f in X®°. Let us 
assume that the set is not so for some positive f in X®°. Then we 
can find an increasing sequence of positive integers such 

that 

k2^ <: f(lx I). V kil. 

"k 

^ k s (f/2^)(ix I) = supdgCx )|: |gl ^ f /2*^} , V kil . 

"k ^k 

=» k ^ Ig (x ) I , V kill , 

"k ”k 

SO k 

for some sequence {g }c X with |g U f/2 , for each k^l . Now 

"k "t 

proceed as in the proof of Proposition 3.4.6(iv) in order to get 

the result; indeed, replace x by f , f by x , y by g and 

’^k ^k ’^k ^k 

define a sequence {h ) in X^° in place of the sequence (z } in X 

m m 

analogously. 

• t • 0^^ /■ XT S O ->1 \ X 

(ii) For showing the inclusion Z (X) c (X * 

consider x={x } in >6^(X) and f = {f } in .C^(X®°). Then we can find 
n n 

an element y in X and g in X^° such that Y, y in X and 

n=l 



Hence x e . 

Next, we prove that a“'(X=°))'‘o t'cx). So, let 
be an element of (Z (X )) 


and assume 


that the set 



n 

{f( is not bounded in 8? for some f ^0 in Hence 

' = ^ n ■ 

the sequence { f ( ^ J I x . 1 ) : n^l } can not be a Cauchy sequence in R 

and therefore, for some e >0, we can find an increasing sequence 

{n, } of positive integers satisfying 
’^k+l *^14+ 1 

e ^ I f(lx.l) = ]] sup { |g(x )|: |gU f}, V k 2 :l . 
i=nk+l i=nj^+l 

Consequently, there exist g^ e X®° with Igjl ^ f, for nj^+1 :£ i <: 
n, . , , k^l , such that 

K+ 1 „ 

""k+l 

£ £ ^ I (x . ) I , k . 

i=nj^.l 

As the set {g^: Oj^+l s i s nj^_^^,k2:l} is order bounded in X®°, we 

define a sequence {h } in -t^(X®°) as 
k ® 

m~ 1 0 .otherwise 


However 

choice 


OD ^k+ 1 

E E I 

:li=nj^+ 


g^Cx . ) I 


OD . This yields a 


n 

of X. Hence the set { |x.|: n^l} is 

i = l ^ 


contradiction to our 
aCX ,X®°)-bounded and 


so order bounded by our hypothesis. As X is order complete, 

^ - 1 
^ lx. I '1" X, for some x in X, i.e., x e t (X). 

i = l ^ ^ 

(iii) As c (X®°)c >C®CX®°) by Proposition 3.4.5(i), we 

O 

have ^^(X) = (^®(X®°))^ c (c (X®°))^. 

O 

In order to establish (c (X®°))^ c ^^(X), consider an 

O 

element x={x } of (c (X®°))^. Then for proving x e (X) , it 
n o 

suffices to prove the a(X 5 X^^)“boundedness of the set {y^:n ^ 1}, 
n 

where y = V lx. I, for each n € N. Assuming the contrary, we get 
n 1 ' 

1 = 1 

a positive f € X®^ and an increasing sequence In^} of positive 
integers such tha-t 

1 ^ 


100 


and 


n 


2 f 


k+ 1 

^ = E sup {|g(x )i;|g| i f ). k i 1 

k+1 k 


k s o k 

Now choose g.€ X with Ig.l <: f, Uj^+l ^ i s , k^l such that 

. ”k+l 

2 *' ^ ^ \gUx.)\ , V k^l. 

i=n^.l 

and proceed as in the proof of Proposition 3.4.6(ii) with 

i 

being replaced by g^ , f . by x. and X by X®° . 

(iv) Follows from (ii),(iii) and the inclusions 

c (X^°)c c(X ) c -C (X^°). This establishes the result 

O 

completely.™ 


Recalling the definition of a perfect VVSS, we conclude 
from the above propositions, the following 

Theorem 3.4.8; Let X be an order complete Riesz space for which 
s o 

each a(X,X )- bounded set is order bounded. Then 
(i) -e®(X) is a perfect VVSS; and 
(ii) -e^(X) is a perfect VVSS, provided ct(X®° ,X)-bounded 
sets in X®° are order bounded in 

Proof;(i) Since(^®(X) )^= -e^(X®°), by Proposition 3.4.6Ci) and 

(.£^(X®°))^= ^®(X) by Proposition 3.4.7(i), the space ^®(X) is a 


perfect space. 

(ii) As (^^CX))^ = >e®(X®°) by Proposition 3.4.6(iv) and 

(^®(X®°))^= .e^(X) from Proposition 3.4.7(ii), ^^CX) is a perfect 
VVSS.^ 

We now apply the above results for investigating the 
sequential order duals of the OVVSS c (X), -C CX) and Z (X) in the 

O 

form of 

Theorem 3.4.9: For an order complete Riesz space X, we have 
fi) (o (X))=°. P(X®°)i (ii) (Ax))®°. PcX®"); and 
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(iii) (^^(X))®°* -e®(X®°) 


if every a(X®° ,X)-bounded set is 


order bounded in X®°, 

Proof: (i) From Theorem 3.4.2 and Proposition 3.4.5(i), 

SO X 

(c^(X)) * (c^(X)) , but Proposition 3.4.6(ii) says that 

Y 1 *5 0 

(c (X)) s -C (X ); thus (i) is established. 

O 

(ii) >e®(X) is an ideal of OCX) by Proposition 3.4.5(i) 
and so (■C (X)) —C'C (X)) , by Theorem 3.4.2. Hence the result 
follows by Proposition 3.4.6(i). 

(iii) Once again by making use of Theorem 3.4.2 and 
Proposition 3.4.5(i), we conclude that (^^(X))^°a C-t^CX))^; and 
so (>C^(X))^°E -C.^(X^°) by our hypothesis and Proposition 
3.4.6(iv) .p 


From Theorem 3.4.2, we know that the generalized Kothe 
X so 

dual A (X ) of an OVVSS ACX) is an order complete Riesz subspace 


of Q(X®°) 

if 

ACX) is an 

ideal of OCX). 

As bv 

O 

(X) 

is not an ideal 

of OCX), 

we may not apply this result 

to get 

the Riesz subspace 

character 

of 

(bv (X))^ 

O 

in 0(X®°) . However, 

in 

particular case 

when X = 

F, 

1.. X pi 

bv = Z 

which is an 

ideal 

of 

w, cf . [96] . In 


O 


general, we have 

Theorem 3.4.10: is the largest Riesz subspace of 

(bv (X))^. 

O 

Proof: As bv (X) c c (X) , zUx^°) c (bv (X))’^, by Proposition 

O O ® 

3.4.6(ii). Since ^^CX®°) is an ideal in QCX®°), by Proposition 

3,4.5(i), it is an ordered vector subspace of (bv^CX)) . For 

showing that it is the largest Riesz subspace of Cbv^(X)) , 

consider another Riesz subspace A(X®°) of (bv^(X)) . Now for an 

element a={a } of bv , with Y a in F, and x e K, if x 

n o i^l ^ ^ 

={x } is such that x = a^x, n^l , then 
n n n 
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n n 

+ ^ X + . I ) (x) 'i ax; and a x/^ 9 in X. 

1=1 1=1 ^ ^ ^ n 

Hcncc X € bv (X) , for such a choice of {a } in bv and x in X 

n o 

Let e A(X®°)c (bv (X))^, then for {a } e bv and x e X. 

00 ^00 no 

1 |<|f^|(x),a^>| = I ® 

n=l n=l 

{|f„l(x)}€ bv^ = 

n o 

cf.I961,p.e9 . Set 

«k= 2, 'fp' ■ 

n=l 

Then {gj^(x)} is a bounded increasing sequence in R and so we can 

define a linear functional g on X by 

g(x) = 1 im gj^Cx) , X e X. 
k— w 

Then by Theorems 1.2.20(ii) and 1.2.22(ii), gj^ "t g in X®°. Hence 
f € >e^(X®°) and so ACX®°)c ^^(X®°). This completes the proof 
The above resit immediately leads to 
Proposition 3.4.11: Let X be an order complete Riesz space . If 
(bv (X)) is a Rjesz subspace of (5(X ), then 

O 

(i)(bv (X))^ = ^^(X®°); and (ii) (bv(X))’'= ^^(X®°). 

O 

1 * X 

Proof: (i) As ^^(X®°) is the largest Riesz subspace of (bv^(X)) 

X 

by Theorem 3.4.10, (i) follows by our restriction on (bv^(X)) . 

(ii) As bv (X)c bv(X), (bv(X))’^c (bv (X))^ = ^^(X®°), by 

O o 

(i). But bv(X) c by Proposition 3.4.5(ii); and so by 

Proposition 3.4.6(i), .e^(X®°)= (^®(X))^ c (bv(X))^. Hence (ii) 


holds . 



CHAPTER 4 


o-MATRIX transformations 

4.1 An Overview : This chapter exclusively involves the study of 

o-matrix transformations introduced on OVVSS which have 

underlying spaces as the Riesz spaces. In the next section, after 

introducing the concept of o-matrix transformation, we 
incorporate results dealing with the characterizations of the 
matrix representation of linear maps as well as their adjoints in 
terms of their sequential order continuity, besides deriving the 
necessary conditions for a matrix of linear operators to 

transform .€.^CX) into simple OVVSS A(X). In Section 4.3, we 
characterize o-matrix transformations on particular OVVSS c(X) , 
-C'^CX), cs(X) introduced in the preceding chapter. The last 
section, namely 4.4, includes a characterization of 

o-precoropactness of o-matrix transformations in terms of 
component operators, when they are defined from an OVVSS to a 
topological OVVSS. 

4 . 2 o-Matrix Transformations and Sequential Order Continuity : 
Throughout this chapter , we denote by X and Y two Riesz spaces 
and by A(X) and p(Y) two OVVSS defined over X and Y respectively. 
Let us now introduce 

Definition 4.2.1: A linear map Z from A(X) to pCY) is said to be 

an o-matrix transformation if there exists a matrix 

linear maps from X to Y such that for every x={x^} in ACX) and 

k 

for each i in K. the sequence { I Z. .(x ):k ^ 1 } order converges 

j = l 

to some y. in Y such that Z(x) = y, where y = {y^}; and in such a 
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Let us denote by £^(A(X) .^CY) ) . the vector space 

containing all o-matrix transformations from A(X) to p(Y). The 
X 

transpose Z of a matrix Z m IZ.^] of linear maps Z^j:X » Y, i , 

1, is defined as the transpose of the matrix of the adjoint maps, 
J- ♦ 

i.e. , Z s fZj. ] . 

Unless otherwise specified, we assume in this section 

that X and Y are order complete Riesz spaces for which <X,X®°>, 
s o 

<Y,Y > form dual pairs; and MX), p(Y) are ideals in Q(X) , Q(Y) 
respectively. Let us now begin with the simple facts concerning 
o-matrix transformations contained in 


Proposition 4.2.2: For the o-matrix transformation Z s [Z. .] 

1 j 

defined from A(X) to pCY) , the following statements hold: 

(i) For X € X and i,j e N; Z..(x) = (Z(6^))., the i-th 
co-ordinate of Z(5j); 

(ii) Z is positive if and only if the Z^j’s are positive 
for all i , J e IN; 


(iii) Z^j’s are order bounded linear maps if Z is so; 

( iv) Z^j’s are sequentially order continuous if Z is so; 

(v) if Z=Zj-Z 2 where Z^e tzjj.] and Z 2 * then Z.j = 

and 

(Vi) If [Z^.], z.s [zf.] are two o-matrix 

transformations from A(X) to /i(Y), then Z^j a Z^j = 6, for each 
i>j 2:1, if ZjAZ 2 = 6; and converse holds if Z^ , 22 ^ 

£®°(A(X) ,/i(Y)). 

Proof: (i) From the definition of an o-matrix transformation, for 


some j in N and x = 6^ in A(X) with x e X, 

J n 


(Z(S*)) = CZ(i))i = 0^1*“ i: "■ 

J J- 1 


Hence (i) follows. 
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(ii) If Z is a positive 
to iu(Y), then for each x in K, 
so j (x )= (Z(6j ) ) .^ 0, for each 

Conversely, if x ^ 0 

each n in W and all i e HI, and 


o matrix transformation from A(X) 
5^ i e in A(X), for each j 2 :l and 
i , j in N. 


in A(X) , then 
thus (Z(x)).= 


n 


e, for 


y z. .(X . 

0-lim Y, Zj .(x ) 
n— Ko j = i ■‘•J J 


^ e 


in Y, V i^l . 

(iii) For proving the order boundedness of each Z^^, consider 

an order bounded subset E of X. Then B c fx,y], for some x,y in 

X. For given j in IN, write B={6’:|:u e B 1. Then B c [6^, 6^3 in 

J 3 J 

A(X) and so there exist a,b in /j(Y) such that Z(B) c [a,b], by 

our hypothesis. Now, applying Ci), we get Z^j(B) c [a^,b^], for 

each i in IN. Thus Z..’s, i,j e W, are order bounded linear 

^ J 

operators from X to Y. 

(iv) In order to prove this statement, let us consider a 

sequence {x } in X such that x 6 in X. Then, by Proposition 
n n 

3.2.7(iii) and our hypothesis of sequential order continuity of 


Z, 

Z(6^n)^M 0 in pCY) , V j e IN. 

(Z(5’^n)).= Z. .(x 0, as n— kb, in Y, V i,j 2: 1, 

J 1 iJ n 

cf. Proposition 3.2.7Cii). Thus (iv) follows. 

Cv) It is an immediate consequence of (i). 

(vi) From the definition of the infimum of two positive 

operators, cf . Theorem 1.2.20, for x € K and i,j in N, we have 

C + ) (Z^.A Z^.Xx) = inf { z| .Cy)+Z^ .Cz): y,z e K, y+z = x } 

__x 

= (inf{ Z^(y)+ z^(i) : Y.z ^ e> Y+z = 

= CCZ^A Z^)(6j))j 

4 z|jA = e if z^A z^ = e. 

Conversely, let us assume that z|> = 9. for each 
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i.j in IN. Then for x in A(X). with 5 , x^e K, V n ^ 1 , we 

have by (+) 

(Z|^A Z- j)(Xj) = ((Z^Az2)(5Xj))_ , V i.j e IN 
tZjAZ2) (5j^ j ) = e, V J 

^ ~ (ZjAZ 2 )( Y, = d, V n 

j = l *' 

^ CZjAZ 2 )(x) = o-lim (Z^aZ )(x^”^) 

n — Kx> 

= e, 

by Proposition 3.2.7Ci) and Theorem 1.2.20(ii). Hence Z^aZ 2 = 6 
on K and therefore on A(X). Thus (vi) follows.^ 

A characterization of matrix representation of a linear 
map on OVVSS is its sequential order continuity, as proved in 
Theorem 4.2.3: With X ,Y ,A(X), p(Y) as mentioned above, we have 

(i) Every sequentially order continuous linear map from 
A(X) to p(Y) is an o-matrix transformation; and conversely 

(ii) Z is sequentially order continuous, if ACX) is 
monotone, p(Y) a scalar valued sequence space, i.e., Y = R, and 
Ze[Z..] an order bounded o-matrix transformation with Z . ’.s 

1 J J 

sequentially order continuous for each i,j in K. 

Proof :( i ) Let Z be a sequentially order continuous linear map 
from A(X) to p(Y) . For i,j in N, define linear operators Z.^ from 
X to Y by the relations 

Z. .(x)= (Z(6^)) . . X € X. 

We now show that Z * [Z^jl. Let us, therefore, consider 
X = {x.} in A(X). Then, by Proposition 3 . 2 . 7( i ) , ( i i ) and 

sequential order continuity of Z, we get 

CZCx^’^^))/^ (Z(x))j, as n-^. Vii:l. 

But CZ(x^^^)).= (Z( r =EZ 44 Cx.), V n 2 : 1. Thus (i) 

1 j = l J ^ j=l 
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holds. 

i 

(ii) Let us first note that Z.^ s are order bounded by 
Proposition 4.2.2(iii) and so Z.^e for each i,j in H by 

Proposition 1.2.23(i). Write 
T^={Z.j:j i 1). 

Then T^e A^(X®°). for each i in N as^^^Z. (Z(x)). in R, V 

i^l and X in A(X) . But aP(X®°)=a''(X®°) by Proposition 1.4.9; and 

hence applying Theorem 3.4.2 for {tM c A^X^°). we can find a 

sequence {f •} c [A(X)]®° such that for i e A(X) . 

(*) f^(x)= <x.T^> ~ ^ ■ 

For proving the sequential order continuity of Z, let 

us now consider a sequence (y"") and y in ACX) such that y. 

where y^=tyj>. y={yj). Then, by (*) 

(,(?") = S z Zjj(yj) - q<y). v 

1 j = l J = 1 

® n -n^ X j ? 7 fv ') = fZ(v)) .. for i^l , and so 

But I Z.-Cy^J) = (Z(y''))i and^ Z.^Cy^) Uiyii,. 

CZ(y^)).^^ (Z(y))j,. V i2:l • 

As { Z(5'');nAl ) is an order bounded sequence in m(Y), by 

no 7(iii) it follows that Z(y“) Z(y). This 

Proposition 3.2.7Ciiil. i'- lunt. 

completes the proof 

the next result concerning the 
Before we pass on to the n 

a-u riinint of a sequentially order 
matrix representation of the a j 

iPt us make some simple observations 
continuous linear map, let u 

concerning adjoint maps in 

opositicn 4.2.41 Let <X,X->. <Y.V-> dual pairs and T,X-^ 

be a sequentially order continuous linear .ap. Then the adjoint 

.„ SO . X vSO. fii-) is positive if T is 

map T* of T Ci) transforms Y into X , 

■ ■ «n order bounded sequentially order 

positive; and (iii) is an o 
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continuous linear map if T is order bounded. 

Proof: (i) From the equality 

(+) <T(x),g> = <x,T*(g)>, X e X, g e y®°, 

it follows that T (g) e whenever g e for if {x } c X 

n ’ 

order converges to 6 in X, then by ( + ), (T*(g))(x )=gCT(x )) — ^ 0 

n n 

in R, as n — ko. by the sequential order continuity of T and 
g e Y . 

(ii) This part is immediate again by ( + ), for if x ^ 6 in X 

and g i e in Y®°, then (T*(g))(x) 2 ; 6, i.e., T*(g) 2 : 6 in X®°. 

(iii) If T is order bounded, then T=T^-T”, by Theorem 

l,2.20(i) and so T* = (T'^)*-(T“)* , where (T'^)* and CT')* are 

SO so 

positive linear mappings from Y into X by (ii). Consequently, 

T*€ £^(Y®°,X®°) whenever T € £^(X,Y); and hence it suffices to 

prove the sequential order continuity of T when T is positive. 

Let us therefore, consider a sequence {g^} in Y®° such that 6 

in Y®°. Then, for each x e X, by (+) 

(T*(g ))Cx) — » 0, as n — »® in R. 
n 

4 T*(g^) e in X®°, 

4* SO 

by Theorem 1.2.22Cii) as T ^ ■■ 

Theorem 4.2.5: Let <A(X) ,A^(X®°)> and <fiCY) ,p^(Y®°)> be dual 

pairs defined corresponding to the dual pairs <X,X > and <Y,Y > 

respectively. If Z is an order bounded sequentially order 

continuous linear map from A(X) to p(Y) , given by the matrix 

fZ.j] of linear maps Z.^rX— >Y, i,j e W, then the adjoint map Z 

of Z is an o-matrix transformation from p (Y ) to A (X ) such 

j|t so 

that Z** z\ [Z*.l, where the adjoint maps Z^^ of Z.^ carry Y 
into X®°. Further, Z* m is an order bounded sequentially order 


continuous linear map. 
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Proof: We first prove the result for positive sequentially order 
continuous linear map Z from A(X) to p(Y). By Proposition 4.2.2, 

t 

Z.j s are positive sequentially order continuous linear maps, for 

♦ * 

each ijj in N, and so s are positive sequentially order 

continuous linear maps from Y into X by Proposition 4.2.4. As 
Z is a sequentially order continuous linear map from A(X) to p(Y) 
and [A(X)]®°e- A^(X^°), l/i(Y)]®°s p^(Y®°), it follows by 

Proposition 4.2.4 that Z maps into A^(X®°) and is order 

bounded . 

* J. 

We now establish that Z s Z . Let us, therefore, 
consider g in p^(Y®°) such that g i 8, where g={g }, g e Y®°, for 

Ir HU 

♦ ^ 3|C 

nil. As Z. . i 0, for each i.j in IN, { J] Z..(g J: k ^ 1} is an 
ij Ji J 

o o 

increasing sequence in X , V i 2: 1 . Further, for x e X and k i 1 
k k 

<x, I = E <Zi.(x),g > . V i ^ 1. 

j=l J j=l J 

k X 

= I <(Z(5p) . ,g.> ,V i ^ 1 , 
j=l 1 J J 

— > <Z(6^),i>, as k — KD, V iil . 


But 

<ZC5j).g> = <6^.Z*Ci)> = <x, (Z*(i)) •>, for each i2:l . 

Hence 

( + ) <x, y Z*.(g.)>^H <x,(Z*(g)) ■>. as k— + CD. Vi 2 : 1 

j=l 

^ I z* (g.)^4 (Z*(g))., V i^l. 

j=l 

cf. Theorem 1.2.22(ii). As any arbitrary g in p (Y ) can be 
written as the difference of two positive linear functionals, we 

have Z* m IZ*.] m , for positive Z. 

Let us now consider an arbitrary order bounded, 
sequentially order continuous linear map Z from ACX) to pCY) . 
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Then, from the proof of the Proposition 4.2.4(iii), 
Z* = (Z‘^) -(Z ) . But Z and Z being sequentially order continuous 
are o-matrix transformations and thus by the preceding paragraph 
and Proposition 4 . 2 . 2 ( v) , (vi ) , (z‘^)*= KZ"^.)*], (Z“)*= [(zT.)*]. 

Thus Z * statement of this theorem is immediate 

from the above paragraphs. 

Aliter: An alternative proof of the above theorem may be given by 
using Theorem 4.2.3. Indeed, as Z is an order bounded, 
sequentially order continuous linear map from A(X) to p(Y), by 
Proposition 4.2.4, Z is so, defined from ju^(Y®°) to A^(X^°). 
Hence , by Theorem 4.2.3(i), Z is an o-matrix transformation 
from p^(Y®°) to A^(X®°). Let Z*b tT.^], T . ^ : Y®°— ^X®° , i , . By 

SO 

Proposition 4.2.2Ci), for i,j e W, f e Y and x e X, 

<x,T .(f)> = <x, (Z*(6^)).> = <Z(5^).6^> 

i. J tJ ”*• 

= <(Z(5j))j.f> 

= <Z..Cx).f> 

= <x,Z*.(f)> 

^ T . . = Z* . , Vi , j . Thus Z* s tZ* . 1 

ij Ji Ji" 

Converse of the above theorem is proved in 
Theorem 4.2.6: Let X. X®°, Y, Y®° , A(X) , A^(X®°), p(Y) . p^(Y®°) 
be as in Theorem 4.2.5. If Z is a a(A(X),A (X )) 

a(^(Y) , ) continuous linear map from A(X) to pCY) such that 

its adjoint map Z* is an order bounded sequentially order 

continuous linear map from p^(Y®^) to A^CX )i given by the 
matrix [R. .] of linear maps, R - - : Y®° — > X®°, then Z is order 

1 J J 

bounded. sequentially order continuous and is an o-matnx 
transformation from ACX) to p(Y) such that Z * vhere R^. s 

are the adjoint maps of from X to Y. 

*J * 
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Proof: From the relation 

(*) <ZCx),f> = <x.Z*(f)>, V X € A(X), f e 

and the fact that Z takes A(X) into fj(Y) by Proposition 
1.3.4, it follows that Z s Z .Now, invoking the proof of 
Proposition 4.2.4(iii), we get that Z is an order bounded linear 
map . 

Further, for proving the sequential order continuity of 
Z, it suffices to consider the case when Z is positive. Let us, 
therefore consider a sequence (x^) c A(X) with x^ 6 in A(X) . 
Then, for any f e p*(Y®°), (♦) yields 
<Z(x”),|f|> — > 0, as n — wo, 

i.e., Z(x*^) — > 6> in lal (A(X) , A^(X®°) ) which is a Hausdorff l.s. 

topology. Hence by Proposition 1.3.9(iii) , Z(x^) e in A(X), 

i.e., Z is sequentially order continuous. 

Now, applying Theorem 4.2.3(i), Z is an o-matrix 

transformation given by the matrix, say, [A^jl. We claim that 

so 

A.j=Rj.. V i,je W. Indeed, for x e X, f e Y , by Proposition 

4.2.2(i), we have 

f(A.j(x)) = <(Z($j)).,f> = <Z(5j).6L 

= <6*,Z*(5f)> = <x,(Z*(5L).> 

J ^ * J 

= <x,Rj.Cf)> = f(R*.(x)) 

4 A. j = R* . , V i , j in N. 

Thus Z s [Rj^*] and the result follows. n 

Remark: An alternative proof for the sequential order continuity 
of positive Z in the above result runs as follows: 

Let 0 in A(X). then Z(5^) in pCY) and if y e 

/i(Y) is such that e :S y i ZCx”^), for each nil, then for any g i 

e in /J^(Y®°), gCy) i g(Z(x")) = Z*(g)(i^) 0 in R as Z (i) e 
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A^'CX^^). Hence g(y) = 0. for each g in Consequently, y = 

e in /i(Y) and so ZCx*^) e in /j(Y). 

Lastly, in this section, we mention an application of 
the above results contained in 

Theorem 4.2.7; Let X be an order complete Eiesz space such that 

<X,X®°> forms a dual pair and (t(X®° .X)- bounded sets are order 
s o 

bounded in X .Also, assume that A(X) is an ideal of Q(X) and is 
a simple VVSS for the topology a{A(X) .a’^CX®®) ) . For a matrix Z s 
[Z.j] of positive linear maps Z.^. i.j , from X into itself, 
consider the following statements: 

(i) Z is an order bounded, sequentially order 

continuous, o-matrix transformation from >C.^(X) to A(X). 

(ii) The adjoint Z of Z is an order bounded, 

sequentially order continuous o-matrix transformation from 

A^(X®°) to .e®CX®°) such that Z*s [Z*.]. 


(iii) For x € X, the sequence {y^ : j ^1}, where y^ = 

jL -X* 

{Z. .(x): i2:l} is an order bounded set in ACX) . 

^ J 


Then, 

( i ) 

( i i ) and 

(i) 

sf (iii) . 

If 

Z 

is <t(^^CX),^®(X 

®°))- 

aCACX) ,A^CX®° 

)) continuous, 

then (ii) 

If 

(i) 

. Further, if 

(iii) 

holds , 

then 

the 1 inear 

transformation 

A; 

A^ 

(X®°)— »£)(X®°), 

given 


by the matrix [Z*^], has its range contained in (X ). 

Proof: Ci) (ii). It is an immediate consequence of Theorem 

4.2.5. since (.t^fX))^ = ^®(X®°) by Proposition 3.4.6(iv). 

Ci) if (iii). For a given J e W and x € K, observe that 

yi=Z(6*), by Proposition 4.2.2(i) and 6^. e ^^(X). Thus y^e ACX), 
X J J 

Vjil . 

As ACX) is simple, for proving the order boundedness of 
the set Cy^:j for a given x in K, it suffices to show that 
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x,„so 


it is a(A(X),A (X ))-bounded. Therefore, consider a positive 


element in A^(X®°). As (i) ^ (ii)_ z*(f)e ^®(X®°) and so 

s o 

there exists g in X such that 

<x,(Z*(f)).> <: g(x), V iii . 

As (Z*(f)).= o-J^m ^ Zj*(fj), V i i 1 and <x. |z.*(f.)> 


j=l J 


j = l 


5] f jCx)) , V n 2 :l , we get by Theorem 1.2.22Ci), that 


I f .(Z..CX)) i g(x), V iil. 
j_l J J i 


^ V j 2: 1. 

Ic "*• 1 

i . . X s o 

Thus ty^' j2:l } is <7(A(X),A (X ))-bounded and so order bounded in 
A(X). Hence, the results holds for any x in X. 

The implication (ii) (i) when Z is restricted to be 
(X) .^t^CX®*^) )- aCA(X) ,A^(X®°) ) continuous, is immediate from 
Theorem 4.2.6. 


For proving the last statement, we first show that for 
f i e in A^CX®°), 0-1 im { T Z..*(f .)} exists in X®° for each i in 

n-KD ji j 

N. Indeed, for x S: 6 in X, y^ is in A(X) and therefore the 

inequality <y^,f> < oo yields the pointwise convergence of the 

n ^ * 

sequence { ^ Z..(f .)} in X“ . We now apply Theorems 1.2.22(ii) 
j=l ^ 

and 1.2.20(ii) to get the required order limit. 

Next, we prove that A(f) e (X ) for f ^ 6 in 
A^(X^°). For X i. 6 in X, choose y = iy^^ A(X) such that y^ 5 
y, for every j^l . Then 

Z. j(x) ^ y . , Viiil , j^l . 

00 ^ 

4 <x,A(f).> = I (Z*.(f .))(X) = I (X)) ^ l Vijti. 

1 Ji J j=i J j=i 

Hence. { (A(f ) ) . : i^l ) is a(X®°,X)-bounded subset of X® and so it 
is order bounded by our hypothesis, i.e., A(f) € (X ). This 
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establishes the result completely 

4.3 Certain o~Matrix Transformations ! As mentioned in the 
introductory remarks of this chapter, this section is devoted to 
the characterizations of o-matrix transformations on certain 
OVVSS introduced in (3.4.4). For the derivation of some of these 
results, we make use of a general result mentioned in 
Proposition 4.3. 1 : Let X be a Riesz space, Y an order complete 
Riesz space and a sequence of positive linear operators from 


n 



to order converge in Y whenever {x ) order converges in X, is 
n , 

that { T.) order converges in If^^CX.Y). 

i = l ^ 

Proof: To prove the necessary part, for the constant sequence 

{x}, X € X, define a linear operator T:X — > Y as 

n 

T(x) = o-lim (( T T.)(x)) 

n-WD 1 

n , ~ 

Then, T. T in £ (X,Y) by Theorem 1.2.22(ii). 
i = l ^ 

In order to establish the sufficiency, consider an 


order converging sequence in X, with 1x^1^ x, V n i 1. Write 

^n = ^ T Cx ) .new. 
i = l ^ ^ 

Then, for n >m, 

n n 

It -t 1 = I y Tjx.)l T.(x). 

n m ■ ^ 1 1 i -m +1 ^ 

i=m+l i-m+l 

4 {t } is an order Cauchy sequence in Y, as { T.Cx)}, 

n 1 = 1 

being order convergent is order Cauchy in Y. As Y is order 

complete, {t } order converges in Y by Proposition 1.2.13Ciii) .p 
n 

Let us now begin with the characterization of an 


o-matrix transformation on the OVVSS cCX). 

Proposition 4.3.2: Let X be an order complete Riesz. space with 
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diagonal property and s, 

into itself. Then Z m 
c(X) to c(X) such that the t 
to the same limit if and only 

(i) I z z 

j=l ^ 


positive linear operators from X 
is an o-matrix transformation from 
ransformed sequence order converges 
if 

as n — MO, for some positive linear 


operator Z^ , ii:l ; 

(ii) Z.(x)^^ X, as i— mo, V x e X; and 
(iii) Z^j(x)^-2^ 6, as i — mo, V jil and x e X. 

Proof: We first derive the necessary conditions (i), (ii) and 


(iii). 

n 

(i) Since { ^ Z. (x^}, for each x = {x.} e c(X), order 

i = 1 J 

n 

converges in X; by Proposition 4.3.1, the sequence { 

j=i 

of operators order converges to some positive linear operator Z^ 
in £*^(X) for each i € N. 

(ii) For X e X, consider the constant sequence 
x^=x, Vnil inc(X). As 


(Z(x)) . 

and x^^^x in X, 
hypothesis . 


n 

= o-lim Y Z. .(x) = Z,(x). View, 

n-XX> IJ 1 

it follows that Z^(x)^^ x, as i — kb, 


by our 


(iii) For given j e IN and x e X, we have 

O 

ZC6^. ) = {Z. . (x> . iii}. 

o o 

As 6* e c (X), (Z(5’^ ))• = Z. . (x)^-Zl 6, as i — w, in X. As e 

Jo J 1 IJ 

o O o 

W is arbitrary, we get (iii). 

For proving the sufficiency, let us consider a 

sequence {x.} in c(X). Then by the preceding proposition and (i), 
n 
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n 

t. = o-lira y Z. .(x.), i i 1. 

1 n-)’00 ij j 


If X . 


(o) 


any e >0, we 


X in X, then by Proposition 1.2.13(ii), for 
can find j e U such that 

O 

lx -xl ^ eu , V j ^ j , 

J o 

where u e X is the regulator of convergence. By (ii), we can find 

V e X such that 6 £. Z^(u) i v, Vi2:l . Then 
n n 


It .-xl=l (o ^ 

’ 1 n-400 


H., ! Zjj(Xj))-=cUI(o;liB| | Zjj(x))l 

J “ 1 J i J 


+ iZ.(x)-x! 


XJL 

= lo-lim y Z. .(x.-x) I + lZ.(x)-x! 

n-WO IJ J 1 

Jo n 


+ iZ^(x)-xl 


J 

y°Z. .(|x.-x|)+sup Z.(lx.-xl) + |Z (x)-xl 

j4i ■> J^J„ * ' 

Jo 

:S yz. .(lx.-xl) + ev + |Z.(x)-xl 

j=l ^ 


t^^ X, as 


i_w, since I e by (iii). and 

j = l 

Z.(x)^.2^ X in X by Cii); and the order convergence coincides with 
the uniform convergence in X. The proof is now complete.. 

Remark: Let us note that a matrix [Z-.J of positive linear 

operators Z.j’s from X into itself, satisfying the conditions 

(U, (ii) aid (iii) of the above proposition, transforms c__(X) 

into c (X) . 

we have the following 
For the space Z (X), we 

characterization of the o-matrix transformation. 

Theorem 4.3.3: Let X be an order complete Riesz space . A matrix 
Z . tZjjl of positive linear operators Zjjs, defined from X into 
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itself, is an o-matrix transformation from ^®(X) to Z^(X) if and 
only if 

n 

(i) i Z. i-H k 1) order converges to some positive 
j = l 

linear operator Z^on X, for each i e N; and 

(ii) the set {Z^(x):iil) is an order bounded subset of X 
for each x in X. 

Proof: Assume that Z is an o-matrix transformation from ,e®(X) 

into itself. Then, invoking the proof of the necessary part of 

Proposition 4.3.1, with T. replaced by Z . . and T by Z . for given 

3 ^ ^ 

i € N, the condition (i) follows. 

Further, the sequence {Z.(x):iil} is the image of the 
constant sequence {x} in Z^CX), for each x e X; and so (ii) 
fol lows . 


For proving the sufficient part, consider an element 

x={x.} of ^®(X) so that lx. I 5 x, for each j e W and for some x e 
J J 

X. Then, for n > m in N 


m 


n 


Vi2:l . 


ij: z. .(X.)- j: z. .(x.)i = I E z .(x )i^j: z (x), 

n 

^ { T Z..(x.)} is order Cauchy as { 5]Z..(x)} being order 

j = l J j = l 

convergent, is order Cauchy in X, for each i e N. Hence, it is an 

order convergent sequence in X for each i € W and x e Z (X), in 

view of Proposition 1.2.13(iii). Set 

n 

t. = o-lim T Z. .(x.), iil ■ 

1 n-MO ij J 

Then, {t.)e >e®(X) by (ii) and hence Z * defines an o-matrix 

transformation from ,C*(X) into itself. p 

In case of matrices of linear operators, transforming 
cs(X) to c(X). we have the following two results mentioning 
separately the sufficient and necessary conditions: 
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Theorem 4.3.4: Let X be an order complete Riesz space with 
diagonal property and Z [Z..], a matrix of positive and 

sequentially order continuous linear operators satisfying the 
conditions 

n 

j"^i j + 1* ” ^i’ positive and 

sequentially order continuous linear operators Z^e£®°(X),V i:il ; 

(ii) The sequence {Z.:i 2 :l} obtained in (i) is an order 
s o 

bounded sequence in £ (X); and 

(iii) ^ £^°(X) , Vjil , where I is the 

identity operator on X. 

Then Z is an o-matrix transformation from cs(X) to cCX) such that 
the transformed sequence order converges to the sum of the 
original sequence. 


Proof: We first prove the result for those elements x={Xj} of 
cs(x), which have the zero sum. Indeed , we show that if 
o-lim 7 X. = 6 , for x e cs(X), then t.= o-Hm J] Z. .Cx.) exists, 

n-W> J ’ 1 n-MO IJ J 

for each i e N, and t^^ in X, Let us write 
m 

J = 1 

Then s e and so by Proposition 1.2.13(ii), for given e >0, we 

Btt 

can find j e W such that Is-U eu, Vj^j , where u is the 

O J ° 

regulator of convergence. Let A,B e £^°(X) be such that A, 

and IZ.j|:s B, Vi2:l . Then, for i.j in IN, we have 

i A+B . 


m+p-1 


J^ZijCx.)= 7^(Z.j-Z.j^j)(Sj)+Z.^^p(s^^p)-Z.^ 


(s i.m.p e K, 
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we get for i e IN and m,p 2 : j 
m+p 


111 • I-' 

\ I Z. .(Xj)U e A(u)+ e(A+B)(u) + e(A+B)(u)= £(3A+2B)(u) 
m 

i® relatively uniformly Cauchy and hence it 
is an order convergent sequence in X, for each iil , cf . 


Proposition 1 . 2 . 13 ( i ) , ( i i ) . Let us write 

n 


Since 


. =o-limy'Z..(x.), iil . 

1 n-^ IJ J ’ 


m m-1 


and 


|Z. (s )| i (A+B)(|s |)j for each i^l ; 
im m m 


where s„-^ 6, we infer that 
m 

n 
t . 


= 0-1 im y (Z. .-Z. )(s .) 

1 n-KO IJ lj + 1 J 


Hence 


, i i 1 . 


m 


)1. Viil 


J A U tJ 

O 

■» It ui y (Z. .-Z. .. .)(s .)l + sup Z (Is .1), V i 21 1 
j_l IJ IJ 1 J j2.j J 

o 

It u I y (Z. .-z. )(s )| + e A(u), V i i 1 

# d in X, by Proposition 1.2.13 and the fact that 

i + i j € N, which follows from (iii). 

If X e cs(X) is such that 5] x.= x where x ^ 6. then we 

j=l ^ 

define a sequence {y.} in csCX), with zero sum as follows: 

J 


yj= xj-x ; yj = Xj. J ^ 2. 


As 


m 


m 


E Z Cx ) = E Z (yj) * ZjiCx). Vm,i eK, 
j = l -J j = l m 

it follows from the preceding paragraph that o-^m^y^Z. j(Xj) 
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exists, say t.. for each i e W and x in X by (iii). Hence 

the result f ol lows 

The converse of the above theorem holds in the 
following form: 

Theorem 4.3.5: Let X be an order complete Riesx space and Z s 

[Zijl, a matrix of positive and sequentially order continuous 

linear operators from X into itself such that Z.. i Z for 

ij ij+1 

every i,j in N. Assume that Z transforms cs(X) to c{X) such that 
the transformed sequence order converges to the sum of the 
original sequence. Then 

(i) for each jil and x e X, Z.^Cx)^^ x, as i — kd; 

(ii) for some Z^e £®°(X), 

5C^°(X); and 

(iii) for each x e X, {Z^(x)} is an order bounded 

sequence in X. 

Proof: (i) For j e IN and x e X, define x = 6j. Then x e cs(X) 
with sum as x and so from the hypothesis, 

Z (x) = (Z(6^))/^ X. as i— >00, 
in X. Thus (i) follows. 

(ii) For each i in N and x in K, we have 6 i 

X; and hence, from the order completeness of X, ^^^(x) ^ v^, for 
some v.e X. for each i e W. Thus we can define linear operators 

Zj’s from X into itself by 

Z.(x) = o-lim Z. (x), X e X, i e K. 

1 n-^ in 

Consequently, Z. Z., for each i in W by Theorem 1.2.22(ii); 
and so {Z^:i 2 ;l} c £®°(X), in view of Theorem 1.2.20(ii). 

(iii) Since 0 i Z.j(x), for each i,n e N and 

^inCx)^^ Z.(x), as n— w, Viil , in X by (ii). we have 
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Now we apply (i) to get (iii).^ 

Restricting further the linear operators Z. . in the 
hypothesis of the above theorem, we have 


Theorem 4.3.6: Let Z e [Z.^l and X be as in Theorem 4.3.5. Assume 
further that ^ , Vi , j e N. Then the matrix A e [A^ .] of 
operators A.^’s. where A.^. =Z. ^-Z. , l,j e W, is an o-matrix 
transformation from cCX) to c (X). 

O 

Proof : Observe that we have one~to~one and onto correspondence R 
between c(X) and cs(X), defined by R(x)=u, where x={Xj} e c(X) 
and u= is given by 

U,=Xj, ji2. 

Let us now consider a positive x={x^) in c(X) with 
x^'^.^x in X, for some x e X. Then we can find y^ 'i' 0 in X with 
|x^-x| for every n in N, and so 


^ i i Z.j(y^), Vi.neM. 

» ( + ) Z. e, V i e W. 

in+1 n 

Observe that with u defined as above, Z(u) e c(X) and 
(Z(u))^-2.^ X by the hypothesis. From the proof of part (ii) of the 
preceding theorem, some v^^e X and for each i e N. 


Thus Z. _,,(x ) 
in+1 n 


V. , for each i e N by { + ). Further, as Z 
1 


transforms cs(X) to c(X), we have 

n 

(Z(u)), = o-lim 1 Z. iCu .) 
1 n-w IJ J 


Thus 


n 

= o-lim T A. -Cx .) + V. . 
n-wo IJ J ^ 

n 

. = o-lim y A. .(x.) exists in X, for each i e W. 
1 n-Mo ..e. ij J 


n-KO IJ J 

Next we show that v^'*' x in X. Clearly, v^^ '^i+l 


, Viiil 
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.= infZj^(x), V121 and Z. .2 Zj^ Vi.ja N. Also, f 


rom this 


restriction and the condition (i) of the preceding theorem 
x=infZin(x), Vn^l. i.e. . x i Z.^(x); and so x i v V i . Let a 

1 1 a. 

^ e in X be such that a i v , Vi 1 . Then a ^ Z fv't wi r, 
yield that a i x. Hence v> x in X. 


Since 


s.= o-lim y (Z. .-Z. . ,)(x.) 

1 n^oo ij + 

in X from the above paragraphs. 
X e c(X). This completes the proof.— 


= (Z(u)) .-V. , , 

Thus A(x)={s } e c (X) , 

i. ^ 


for 


4.4 o-Precompactness of o-matrix transformation s: Let X and Y be 
two Riesz spaces such that Y is an order complete l.c.s. Riesz 
space which is equipped with a Lebesgue topology S, generated by 
the family Sy Riesz seminorms. In order to consider the 
o-precompactness of an o-matrix transformation in this section, 
we consider the domain space as a Riesz subspace A(X) of PCX) and 


the range space as X(Y) as defined in (1.4.11), with the topology 

^X(Y) family p e \ , q e Sy) of seminorms, 

where Q- is defined as in Section 3.3. Thus X(Y), which is an 
P 

ideal in Q(Y), becomes an order complete l.c.s. Riesz space by 
Proposition 3.3.3. With these underlying assumptions, 
o-precompactness of an o-matrix transformation is characterized 


as follows: 

Theorem 4.4.1: A positive o-matrix transformation Z ■ from 

A(X) to XCY) is o-precompact if and only if each Z^j is 
o-precompact . 

Proof: For proving the necessity, consider Z^j for arbitrarily 
fixed i,j in W. Let us also fix x e K and c >0 arbitrarily. Write 
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U for the c-neighbourhood of e in Y given by the seminorm q e a . 
i.e.. U= {y € Y: q(y) <c} . Choose p e such that its i-th 
co-ordinate is non-zero. As Z is precompact, for the 

neighbourhood U-= {y € X(Y): Q-(y)< e|p.|} of zero, there exists 
a finite set F in X(Y) such that 

4 Z^j [-X ,x3 c F^+ U, 

where F.={y.:y € F} is a finite subset of Y. Thus Z is 

i j 

o-precompact . 

In order to establish the sufficiency, for i,j e n, 
define the linear operators Z^: A(X) — >x(Y) by 
Z^.(x) = 6^i X € A(X) . 

We now show that zVs are o-precompact. Indeed, for x e in A(X) 
and any e-neighbourhood U- ={y € X(Y):Q-(y) <e}. Be X^ with B.^O 

p P 1 

( the case when trivially follows) of 6 in X(Y), 

Z^[-x,x] c 6^ + U-, 

J 1 p 

F f 

where 6^ ={ 6^ : f e F} , F being the finite subset of Y obtained 
corresponding to the neighbourhood U ={ y e Y :q(y)<e/ip^i} of 
zero in Y for the precompact set Z. .[-x.,x.] 

J %J W 

Now, for i,n € W, define Z^”^:A(X) — >X(Y) by 

n 

y Z. .(x.) 
j = J 


n 


(*) 


zj”\i) = y z^.(x) = 6 . 
j=l 


These operators, being finite sum of o-precompact operators, are 
clearly o-precompact. Moreover, by the definition of o-matrix 
transformation and Proposition 3.2.7(iii)i it follows that Z^ 

each iil, where Z . :A(X)— ♦X(Y) is defined 


( q ) 


Zj(x), as n — wo, for 


by 


Z.(x) = Vi 2: 1. 



124 


Since (X(Y),T^^Y)) is a Lebesgue space, by Proposition 3.3.6, 
^Z.(5), V i.l, . 

In order to prove that each is an o-precompact 

operator, fix i e W, and consider an interval [-x,x], for x 0 
in A(X) and a neighbourhood 0 of 0 in X(Y) . Then we can find 
another neighbourhood V of 0 in X(Y) with V+V c U. Hence, there 
exists n € U such that 

O 

Z^^^x)-Z^(x) € V, V n^ino. 

Choose a finite set A in XCY) such that 
Z^”o^[-x,x] c A+V. 

Hence , 

Z^ [-x,x] c A +U. 

Z^ is o-precompact, V i2;l . 

As i e W is arbitrary, each Z^ is o-precompact. Consequently, the 

linear operators Z^^^:ACX) — >X(Y) , defined by 

Z^^^= 2 Z. , n2:l. 
i = l 

are also o-precompact. As Z^^^Cx)^-^ Z(x) by Proposition 
3,2.7(i) , in xCY) and the topology of XCY) is Lebesgue, Z^^^Cx) 

— »Z(x) in • Now, proceeding as above, there exist n^e N and 

a finite set B in xCY) with 

z‘^"^(x)-Z(x) e V, V n i n^, and Z^^l^l-x,x] c B+V 
^ Z[ -X , x] c B +U, 

Hence, Z is o-precompact. This completes the proof 

For the o— precompactness of order bounded o-matrix 
transformations, the above result leads to 

Theorem 4.4.2: Let Zh[Z. .] be an order bounded, sequentially 

^ I 

order continuous o-matrix transformation from A(X) to X(Y). Then 
Z is o-precompact if and only if each Z^j is o-precompact. 
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Proof : By Proposition 4 . 2 . 2(v.) , ( vi ) and Theorem 4.2.3, we can 
write Z = X^pCACX) ,X(Y) ) forms a band in 

£*^CA(X) , X( Y) ) in view of Proposition 1.3.18, the result follows 


by Theorem 4.4.1. 



CHAPTER 5 


ORDER POLAR TOPOLOGIES 

5.1 An Overview : This chapter incorporates results on order polar 

topologies which are defined on ordered vector spaces, as an 

outcome of the duality relationship of two vector spaces as well 

as their ordering. Whereas, in Section 5.2, we study order polar 

topologies T (X,y) and x (X,Y) which are the topologies of 
c so 

uniform convergence on solid, convex, a(Y,X) re lat i ve 1 y-compact 
subsets of Y satisfying the conditions and A^ respectively; we 
consider the topology of uniform convergence on quasi-order 
precompact sets in Section 5.3. Our study of these topologies in 
these sections have been supported by several examples and 
counter examples from the theory of sequence spaces. 

5.2 Polar Topologies r^CX.Y) and r CX,Y): Throughout this 

c so 

c 

section, we assume that the Riesz space X is such that <X,X > 
forms a dual pair. As X^ c X®° c X^ , X is in duality with X®° and 
X^ as well. Recalling now the definitions of the conditions 
and Aj for subsets of X^ and X^° from Definition 1.2.28, we 
introduce 

Definition 5.2.1: Let <X,Y> be a dual pair of Riesz spaces. Then 

the topologies x (X,Y) and x (X,Y) are defined respectively as 

c so 

the topologies of uniform convergence on members of and CgQ< 
where 

r = collection of all solid, convex, 

'•c 

a( Y , X)-re lat i ve 1 y compact subsets of Y, which satisfy the 

c 

condition A 2 ; here Y is an ideal in X ; 

r = collection of all solid, convex, 

“so 
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a(Y,X) relatively coinpact subsets of Y, which satisfy the 

condition ; when Y is an ideal in X®°. 

Concerning these topologies, we have 

Theorem 5.2.2: r (X,Y) (resp. t ^CX,Y)) on X is the finest 

locally convex solid topology compatible with the dual pair 

<X,Y>, satisfying the Lebesgue (resp. the a-Lebesgue) property. 

Proof: We prove the result for t^(X,Y); as the result for 

Tg^CX.Y) would follow analogously on replacing X^ by X®°, nets by 

sequences and the condition by . 

Observe that the topology x (X,Y) is generated by the 

c 

family of Riesz seminorms { p, :A € ^ }, where 

A C 

p.(x) = sup|<x,y>|, X e X, 
yeA 

and so it is a l.c.s. topology. Further, for each positive 
element y in Y, the interval f-y,y], being oCX, Y)-equicontinuous 
subset of Y, is a(Y,X) - relatively compact by Alaoglu Bourbaki 

Theorem, cf . [86], p.201; and [-y,y] is in • Consequently, 

c 

o(X,y) c T (X,Y). Also X (X.Y) c tCX,Y) (Mackey topology). Hence 
c c 

T (X,Y) is a Hausdorff l.c.s. topology compatible with the dual 

c 

pair <X,Y>; cf . Proposition 1.3.1. 

In order to show that it is the finest locally convex 

solid topology with the Lebesgue property and compatible with 

<X,Y>, consider another l.c.s. topology x on X, having these 

properties. As solid hull of a convex set is convex; in view of 

Proposition 1.3.8, we may assume that the collection 

generating the topology x is comprised of r-equicont inuous , 

convex and solid sets. We now show that each A in satisfies 

A 2 . Therefore, consider a set A in and a net {x^:<x€A} in X 

such that X e in X. Then, from the equi continuity of A, we 

a 
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can find a solid r-neighbourhood U of d such that A c U°: and 

from the order convergence of {x } to d, we get a net {y } with 

a (X 

6 in X, such that 1x^1^ y^, for each a in A. As x is 
Lebesgue, y — > 0 in t and so for any e > 0, we can find a e A 

U ^ 

such that y e eU , V a^a . Hence 

OC o 

(*) p,(x )= sup|<x ,y>u sup<|x |,|y|> sup <y ,ly|> < e.Va 2: a . 

“ yeA " yeA "" yeA “ 

Thus A satisfies the condition Further, A being 

equicontinuous , is aCY.X) relatively compact. Consequently, A € 

and hence c . This completes the proof. ^ 

c so 

Restricting the spaces X and X , we have the 
following equality relations amongst various solid topologies. 

Proposition 5.2.3: Let X be a Riesz space for which < 7 CX^,X) 

SO c s o 

(resp. aCX ,X))-bounded sets are order bounded in X (resp. X ). 

Then r CX,X^). o(X,X^) and ^CX,X^) (resp. t ^(X,X®°), oCX.X®°), 

o so 

and p(X,X®°)) coincide. 

Proof: The proof is immediate by our hypothesis and the 

definitions of the topologies mentioned in the statement of the 
proposition.u 

In the following three examples, we respectively 
illustrate the space X where the condition," aCX*^ ,X)-bounded sets 
in X*^ are order bounded" is satisfied; the indispensability of 
this condition for the equality jSCX,X°) = r (X,X°) to hold good; 
and the condition is not a necessary one if the topologies 
coincide . 

Example 5.2.4: Consider the space X = (J>. Then X^=X®°= w; cf. Note 
1.4.8. Now by Proposition 1.4.3, it follows that any 
uCw ,4>) -bounded set is order bounded in w. 

Example 5.2.5: Let X = Then, , by 
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Note 1.4.8. But we know that is the norm topology of Jt , 

for which the dual is not , i.e., ,^^ ) )% , cf. [96] 

p.l29, and so ^ by Proposition 5.2.2; indeed, 

(Z ,r^(Z ,-£))= Z and each member of r is aC-C )-bounded. 
Also, observe that the set A = { (l/n)e^:n^l } is oiZ^ ,Z^) 
-bounded; but it is not order bounded in Z^ . 

Example 5.2.6: Take the space X as Z^ , for which (.Z^)^ = CZ^)^^ = 

iZ^)^ = Z^ , cf . Note 1.4.8. In the space Z^ , the set A = 
xi 2 2 

{(l//n)e :n € W) is o(Z^ ,Z^) -hounded , which is not order bounded. 
On the other hand, BCZ^.Z^) = z(Z^,Z^) h t and so (Z^)^s 

O 

iZ^ ,^(.Z^ .z"^ ')')*= Z? , cf. Proposition 1.3.14Ciii). Hence x(.Z^ ,Z^) 

which is a locally solid topology satisfying k^, coincides with 

X CZ^ iZ^) , cf . Proposition 1.3.13 and Theorem 5.2.2. Thus 
c 

xCZ^,Z^} S ^(Z^,Z^). 

For proving rest of the results of this section, we 
need restrict the Riesz space X as introduced in 

Definition 5.2.7: A Riesz space X is said to be (i) an o-space if 
for a sequence {x^} in X, x^-^ 6 in X whenever fCx^) — » 0, for 
each f in X°; and Cii) a o-o space if for any sequence {x^} c X, 

X in X if fCx ) — * 0 , for every f in X®°. 

n n 

Clearly, every o-space is a a-o space and these two 

concepts coincide when X®° = X^. It would be interesting to know 
examples of o-o spaces which are not o-spaces . However, 

illustrating o-spaces, we have 

C SO' 

Example 5.2.8: Consider the Riesz space w for which w = <p = w , 
by Note 1.4.8. Let {a^:n^l} be a aCw .(ji))-nul 1 sequence in w. Then 
— > 0, as n — » od, for each i ^ 1, and also we can find an 
element in w such that 
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la^l S , Vn 2 :l , 

cf. Proposition 1.4.3. Now, applying Proposition 3.2.7(iii), we 
ot^-^ 6. Thus w is a a-o as well as an o-space. 

Example 5.2.9: The space which is an ideal in w, is an o - as 
well as a c-o-space, for by Note 1.4.8; and 

any a(.Z ,Z )-null sequence {a”} in -C®, satisfies the relations 
^ 0, V i e K; and |a”| i M, V i,n in N; 
cf . [96], p.l07, for the latter inequalities. Now applying 

Proposition 3.2.7(iii), we get the desired conclusion. 

The spaces considered in the following three examples 
are not a-o spaces and so they are not o-spaces. 

Example 5.2.10: Consider the Riesz space X = C[0,1], with the 

SO c 

usual pointwise ordering. It is known that X = X = {0}, for this 
space, cf . [ 246 ] , p . 153 . Thus, in this space, every non-zero 
constant sequence aCX,X^)-converges to zero, but it does not 
order converge to zero. 

Example 5.2.11: Let us take the Riesz space X = , for which 

by Note 1.4.8. The sequence 
{(l/n)e”:n2:l} in Z^ is not order convergent to zero as it is not 
order bounded; but for any a e -C®, a((l/n)e’^)= ot^/n — » 0, as 
n — > 00 , in R. Thus {(l/n)e”} is a a(-C^ .•C®)-nul 1 sequence. Hence Z^ 
is not an o-space. 

Example 5.2.12: Here we consider the space X = L^[0,1] formed by 
the equivalence classes of Lebesgue integrabie almost everywhere 
equal functions, defined over [0,13. It is a well known fact that 
lMo, 1] is an order complete Riesz space for the ordering defined 
as , [f] <: [gl in L^[0,1] if and only if fCx) ^ g(x) almost 

everywhere; cf.[6],p.71. Since the space L^[0,13, equipped with 
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the norm topology is a Banach lattice which is an abstract 
L-space (cf . Def inition 1.3.19(ii)), it is a Lebesgue and hence a 
a-Lebesgue space by Proposition 1.3.20(i). Consequently. 

(*) L®=(L^ [0, 1 ] )*c(L^ [0, 1 ] )^c(L^[0, 1 ] )®°c(L^ [0, 1 ])^=(L^[0, 1 ])*=L®, 

where is the space of equivalence classes of essentially 

bounded functions on 10,1]. cf . Proposition 1.3.20(ii). 

For constructing the required non-o-convergent 
null-sequence {[f^jj in L^fO.l], let us recall the sets E^’s used 
in the construction of the Cantor set, namely 
Ej= [0,1/3] U [2/3,1]; 

£ 2 = [0,1/9] U [2/9, 3/9] U [6/9, 7/9] U [8/9,1]; 

E = [0,l/(3^)] U [2/(3^^), 3/(3^)] U ..U [ (3^-1 )/ (3^) , 1 ] ; 
n 

If P is the Cantor set, write 

A^=P; Aj=E° and A_^=(A^.,U E„)“, n a 2. 

Then we have 

(i) [0.1]= U A. ; 

i2:0 

(ii) p(A^)=0 and fi(A^) = C2”“^ )/(3^) , nil; and 
C i i i ) A^n Aj= <p, . 

Now define the sequence {f^:ni0} as follows: 

f = X* ; 8-nd f =((3^)/(n 2 ^))xa > nil. 

o n A 

O ii 

Then from (*), we have for [4>] e L®, 

!<[f„] , [4>]>1 = IJ^f (x)<}>(x)dx! 

n 0 

= 1/ f (x)4>Cx)dx| 

UA. 

1 

= lj((3^)/(n 2^))4>(x)dx! 
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i l/((3 )/(n 2^) )4i( x)dx 1 + 1/( (3^) / (n 2^^) )<f»(x)dxl , 

A_nB A nB*^ 

n n 

where B is the set on which (p is bounded and ^;(B^)=0. If M is the 
essential bound of (p, then 
( + ) I < [ f ] , [4>] > I i M/n. 

Thus is a a(L^ , L®)-nul 1 sequence. On the other hand, it is 

not order bounded in L^[0,1], as for any [g] e L^[0,1] with 6 i 
[f^] :£ [g], V n ^ 1, we have [f] [g] , where f on [0,1] is 

defined as 

fCx) = f^Cx), X € A^, n i 0. 

But for [f] to be an element of L^[0,1], /^f(x)dx < oo; however, 

0 

/^f(x)dx = / f(x)dx = Y, S f.CxIdx 
0 UA. i2:0 A. 

= Y /((3^)/(i 2M)dx 

i2:0 Aj 

= Y ((3^)/(i 2^))((2^'^)/(3^)) 

iiO 

= (.1/2)Y 1/i 

i2:0 

= CO. 

This contradicts that [f] :S [g], i.e., the sequence {[f^]:n ^ 0) 
is not order bounded and so can not order converge to 6 in 
L^[0,1]. Hence L^[0,1] is not an o-space. 

It is obvious that every t.(X,X^) (resp. t (X,X®°))- 

C o O 

G 

closed set in X is cr-order closed since t^(X,X ) (resp. 

c 

T (X,X®°)) is a Lebesgue (resp. a-Lebesgue) topology. However, 

s o 

for o-spaces, we have 

Proposition 5.2.13: Let X be an o-space. Then a a-order closed 

set in X is T (X,X^)-sequent ial ly closed. 

c 

Proof: Let B be a cr-order closed set and c B is such that 

X — » X in T (X,X*^). Then by Proposition 5.2.2, f(x -x) — * 
n c n 


0 , as 
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n for each f in X^, Hence x in X by our hypothesis. 

Consequently, x e B as B is a-order closed set. Thus the result 
f ol lows 

In case of a-o spaces, we have 

Proposition 5.2.14: For a a-o space, the t {X,X^°)-sequential ly 

s o 

closed sets and a-order closed sets are the same. 

Proof: Proceeding on lines similar to that of the preceding 

proof, we can establish that every a-order closed is 

s o 

r (X,X )-sequent ial ly closed; however, the converse is given in 
s o 

the paragraph preceding the above proposition.|g 

A characterization of a sequentially continuous linear 

operator on (X,t (X,X°)) in terms of its order continuity is 

o 

contained in 

Proposition 5.2.15: Let X be an o-space. A linear operator T from 

(X,r CX,x‘^)) into itself is sequentially continuous if and only 
o 

if it is sequentially order continuous. 

Proof: Let T:X— » X be t^(X,x‘^) - t^(X,X®) sequentially continuous 
linear operator and c X be such that ® 

T (X,X®) is a Lebesgue topology, x — » 6 in r (X,X*^). Hence 
T(x^)-^ e in T^CX.X®) and so f(T(x^))— »0, as n — for each f in 
X^ by Proposition 5.2.2. Since X is an o-space, TCx^)-^^© in X. 
Thus T is sequentially order continuous. Conversely, if T is 
sequentially order continuous, then starting with a sequence 
converging to 0 in t^(X,X°), we have x^^ 6 and so T(x^)^^ 6 in 

X. Now using the Lebesgue property of r (X,X^), we have TCx ) — * 6 

o ** 

in r CX,X'^) and thus T is t (X,x‘^)- t^(X,X^) sequentially 

c c c 

continuous. n 

Replacing o-spaces by a-o spaces in the above 
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proposition, we have the analogous result for the topology 
s o 

T (X,X ) contained in 

Proposition 5.2.16: If X is a a-o-space, then a linear operator T 

s o 

from (X,Tg^(X,X )) into itself is sequentially continuous if and 
only if it is sequentially order continuous. 

Proof: The proof is omitted as it is analogous to the proof of 
the above result.^ 

Remark: We illustrate in Example 5.2.18, that the restriction of 

o-spaces in the above proposition is indispensable. However, for 
this example we need a general result on matrix transformations 
defined on real sequence spaces, proved in 

Proposition 5.2.17: Let an ideal X in w, equipped with a locally 

convex solid topology t, be a Frechet AK-space. Then every matrix 

c o 

transformation on X is t CX,X )“ r (X,X ) continuous. 

c c 

Proof: In view of Propositions 1.3.14Ciii), 1.4.4, 1.4.9 and the 


Note 1.4.8, we have 

-X .so ,c .b 
X ® X s X s X . 


Hence, t(X,X°)e t(X,X°) is a locally solid topology satisfying 

the condition A 2 > cf . Proposition 1.3.13. Consequently, by 

Proposition 5.2.2, t (X,X^) h t(X,X^). Thus applying Propositions 

c 

1.3.4, 1.4.6, we infer that any matrix transformation on X is 

c c 

T (X,X )~ X (X,X ) continuous.— 
c c ■ 

Let us quote from [1753, the following 

2 2 2 
Example 5.2.18: Consider the space Z and the operator T:Z — * L , 


given by the matrix [a 3, where 

pq 

^ _ r 1/pq. p 9^ q 

^0 , p = q. 

As , equipped with its norm topology, is a Frechet AK-space, T 

is T T continuous by Proposition 5.2.17; but T 

c c 
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is not order continuous, cf . [ 175 ] , p . 1 70 . Note that H? is not an 

o-space; for the sequence {(l//n)e":n 1} is a ,^^)-nul 1 

2 

sequence, which is not order bounded in IT. 

5 . 3 TopoIogy of Uniform Convergence on Quasi-Order Precompact Sets 
In the final section of this chapter, we consider the order 

3 |: 

polar topology T (X ,X) defined on the dual X of a locally 

o p 

convex solid Riesz space X as 

Definition 5.3.1: For a l.c.s. Riesz space (X,t), let denote 

the collection of all convex, solid and quasi-order precompact 

subsets of (X,t). Then the topology T^p(X*,X) is the topology of 

uniform convergence on members of ; and hence it is generated 

by the family e } of seminorms, where 

q. (f )= sup! <x, f > I . 
xeA 

Since the convex, solid hull of a quasi-order 
precompact set is quasi-order precompact [48], we may replace the 
collection C by C,. consisting of convex solid hulls of 

^p ^h 

quasi-order precompact subsets of (X,t). We now prove 

Theorem 5.3*2: On r-equicont inuous subsets of X * T^p(X ,X) 

coincides with the absolute weak topology la! (X ,X). 

Proof: As the intervals [-x,x], x e K, are convex, solid and 

quasi-order precompact sets, it follows that lalCX ,X) = o(X ,X)c 

T (X*,X). Therefore, for establishing the result, it suffices to 
op 

prove that T^pCX*,X)|j^ c|a| (X* ,X) | , for any equicont inuous 

subset M of X , which we may assume to be a solid set in view of 

Proposition 1.3.8, Thus 6 e M. Now, consider a net {f^-.oeA} in M 

such that f — » 0 in !al(X*,X) and choose a r-neighbourhood U of 0 
a 

in X such that M c U°. Then for any given e>0 and for a member A 
of C , there exists x ^ 0 in X such that 
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As [-x,x] + c U. 

Let y € A, then y = , where y^e [-x,x] and y 2 € e U. Hence 

I<y,f„>i ^ - <iy 2 i,ifj> 

<: <x , I f I > + e 
a 

^ QACf^) ^ <x.|f^i> + £. 

But <X 5 lf |> — * 0 yields that q.Cf ) — > 0. Consequently, f — > 0 in 

^ A Of Of 

T^pCX >X)|j^ ;and this completes the proof 

It is known that [48] a precompact subset of a locally 
solid Riesz space is always quasi-order precompact, but the 
converse is not necessarily true; for instance, consider 
Example 5.3.3: Let X = be equipped with its norm topology. 
Then the order interval [-e,e] in is clearly a quasi-order 
precompact set which is not a precompact subset of (indeed, 

e [-e,e],V n ^ 1). 

However, the converse holds in the following form 
Proposition 5.3.4; Let (X,t) be a l.c.s. Riesz space such that 
cr(X ,X) = lal(X ,X). Then any quasi-order precompact subset of X is 
precompact . 

Proof: Let us consider a quasi— order precompact subset A of (X,t) 
and a solid r-neighbourhood U of 6. Then we can find a solid 
neighbourhood V of e such that V+V c U; and a positive element x 
in X such that A e [-x,x]+V. Now, [-x.x], being order bounded is 
topologically bounded subset of X, and so it is precompact by 
Proposition 1.3.14(ii) and our hypothesis crCX ,X) = !cri(X ,X); cf . 
[196], p.38. Hence, there exists a finite set F in X such that 
[-x,x] c F + V. Consequently, A c F + U, i.e.,A is precompact. ^ 
Note: As an example of a Riesz space for which a(X ,X) = lal(X ,X), 
we have the space w equipped with the absolute weak topology 
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lal(w,(#)); indeed, (w , |al (w ,4)) ) .= (f> and T](w,4>) = |al (w,<j^) yields 

that a(w,<^>)= lal(w,4)), cf. f96], p.l06. 

Finally, making use of the Dieudonne Theorem, we prove 
the last result of this chapter, contained in 

Theorem 5.3.5: Let (X,t) be a metrizable l.c.s.Riesz space 
satisfying the condition a(X ,X) = |a|(X ,X). Then the topology 

aft ' sfi 

T (X ,X) is the finest locally convex topology on X , which 
induces on every equicontinuous subset of X , the same topology 
as lalCX*,X). 

Proof: As each quasi-order precompact set is precompact in X by 

Proposition 5.3.4, T (X*,X)= X(X*,X). Since a(X ,X)= |ct|(X ,X), 

op 

applying Theorem 1.3.3, we get the desired conclusion. ^ 



CHAPTER 6 


ORDER DECOMPOSITIONS, ASSOCIATED o-SEQUENCE SPACES AND o-SIMILARITY 


6.1 An Overview : Our aim in this chapter is to carry out 
investigations on countable order decompositions defined in 
order-complete Riesz spaces, a notion introduced by Pinsker 1184] 
in 1945, for arbitrary indexing set. Indeed, our study has been 
motivated by the theory of Schauder decomposition in locally 
convex spaces; cf . [190] and several references given therein. In 
Section 6.2 of this chapter, after having proved the existence of 
a countable order decomposition in the sequential order dual of 
an order complete Riesz space with a countable order 
decomposition, we derive sufficient conditions for the order 
perfectness of a Riesz space. Also, we justify our study of 
countable order decompositions with the help of an example of 
ordered vector valued sequence space containing a countable order 
decomposition. In the next section, the presence of countable 
order decompositions in a Riesz space as well as in its 
sequential order dual, helps us to introduce vector valued 
sequence spaces which form a dual pair. These results are used to 
characterize the o-similarity between two countable order 
decompositions in the final section. 

6.2 Order Decompositions: Throughout this section, we assume that 
X denotes an order complete Riesz space. Recalling the definition 
of the projection operator P s P^ from X onto a band B, from 

3 |( ^ 

Chapter 1, cf . Def init ion 1.2.25, consider the maps P and P 


defined by the relations 

<x,P*(f)> = 


so . 


( 6 . 2 . 1 ) 


<P(x),f>, X € X, f € B 
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(6.2.2) <f ,?**((>.)> = <P*(f).<i)>, f e (t> € (X®°)®°. 

Concerning these maps, we have 

Proposition 6.2.3: The maps P* and P** take B®° and to 

X and (B ) respectively and they are positive sequentially 
order continuous linear operators. 

^ SO 

Proof: Firstly, we prove the result for P . Let f e B be a 
positive element. Then by Proposition 1.2.26 and (6.2.1), P (f) 
is a positive map on X. Thus, in view of Proposition 1.2.20(iii), 

3|£ 

for proving the sequential order continuity of P (f), it suffices 

to establish that P (f)(x ) -^ 6 whenever x 0 in X. Now, if x^ 

n n n 

6 in X, then P(Xj^) 0 in B by Proposition 1.2.26. Hence by our 

^ SO ^ 

choice of f and the relation (6.2.1), P (f) e X . Thus P is a 
positive map from B to X . 

To prove that P is sequentially order continuous, let 
us consider a sequence such that fj^ 0 in B®°. Then 

P (fj^) in X®°, and from (6.2.1), <x,P (fj^)>— ♦ 0, for any x in 
X. Consequently, by Theorem 1.2.22(ii), P*(fj^) 'l' 0 in X®°. 

Now using the above fact and the relation (6.2.2), we 
note that P**(<|>) e (B®°)®° for <p e (X®°)®° and P** is a positive 

SO so 

map on (X ) . Further, proceeding on lines similar to the above 

3|* 3|t 

proof, we get the sequential order continuity of P .p 

The rest of this section incorporates results for an 

order complete Riesz space with a countable order decomposition 

{M^,P^} formed by the family (M^;n ^1) of bands in X and the 

projection maps P s from X onto M , n ^ 1; cf. Definition 

n n n 

n 

1.2.17. As are the projection maps from X into itself, by 

jjc s o SO 

the above proposition, Pjj(X ) are linear subspaces of X , for n 

^ ^ SO 

^ 1 and we write = P^^tX ) for n in N. Then, these subspaces 
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s o 

of X satisfy the conditions stated in 

* SO 

Proposition 6.2.4:(i) M^’s are bands in X ; 

(ii) are pairwise disjoint; 

(iii) the collection { S: 1} is complete in 

X®°; and 

(iv) each is a projection band. 

% g Q 

Proof :( i ) We first prove that each M is an ideal in X 

n 

s o 

Therefore, fix n in W arbitrarily and consider f,g e X such 
that |f| i |P*(g)|. Then Ifl i P*(lgl) by Theorem 1.2.20(i) and 
the positive character of P^. Hence, for m n and x e K, we have 
by (6.2.1), 

C + ) <x,P*(|f|)> = <P (x),|f|> :s <P^(x) ,P*Clg|)> = <P^P^(x) , lg|> . 

ffl m m n n m 

But P CP (x)) € M n M , as P„(X)=M„ and |P^(P„(x))U lP„(x)|, by 
nm nra nn nm m 

Proposi t ion 1 . 2 . 26 and the fact that M is an ideal of X. Since 

m 

M n M = (e) by our hypothesis, P^CP^Cx)) = 6, Consequently, from 
n m n m 

( + ) , P*(|f|)= e, i.e., P*(f)= d in X®° for any m?in. In order to 
m m , 

♦ ^ C ) 

show that f=P Cf), observe that P.(x) ^ x, for any x in X by 
" i = l ^ 


Theorem 1.2.18. Hence 

k k 

fCx) =o-lim f( y P.(x))= o-lim 7 (P*(f))(x) = (P*(f))(x), Vx € X. 

k-X» ^ 

% 

For proving the order-cl osedness of M , in view of 

n 

Proposition 1.2.10(ii), it suffices to consider a net { f : a e 

a 

A} in X®° such that e <: P*(f ) '^ f in X®°. Since M n M = { 6 } 

n a n m 

for m n, we have for each m # n, 

<P„Cx).P*(f )>= <P^(P^(x)),f > = 0, V X e X 
m n a n m a 

^ <P„(x),f> = <x,P*(f)> = 0, V X e X, as P*Cf f 

IB in n a 

^ = e in X®°. 

m 

Then, following the arguments as in the preceding paragraph, we 
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♦ ♦ )|e gQ 

obtain f = P (f) € M . Consequently, M is a band of X 
n n ^ ’ n 

(ii) In order to prove the disjointness of and 

♦ ♦ <20 

for i / j , we show that IP . (f ) |a|P . (g) I = 0 in X , for f,g in 

1 J 

SO so 

X . Let us, therefore, consider an h in X such that 0 <: h i 

% 3)C 

|P^ (f ) IaIPj (g) I . Then using the same technique as in the proof of 
(i), we have the implications 

0 h s |P*(f)| P?!(h) = 0, V k ^ i and h = P*(h); 

IK i 

0 h s |P*(g)i ^ P?!(h) =0, V k j and h = P*(h). 

J K J 

Hence h = 0, i.e., I P . (f ) I aI P . Cg) I = 0, for i ?s j . As P.(I' and 

^ J 

P.(g) are arbitrary elements in M. and M. respectively, M. -L M. 

J 1 J 

for i 9 £j. Thus the collection { M*:n ^ 1 } is a family of pairwise 

s o 

disjoint bands of X 

(iii) For proving the statement (iii), let us consider 

f in X®® such that f -L for each n in ffl, i.e. , |f|A|P^(g)| = 

0, for every g e X®° and n in N. So, in particular, we have 
lf|A|P*Cf)| = 0, for every n2:l . But for x e K, 6 <. i x and 

so 

<x.P*Clf|)> = <P (x),|fl> i <x,lf|> 
n n 

^ P*Clfl) :S Ifl, in X®°. 

Hence |P*(f)l |f| and so 0 = |flAlP*(f)l = lP*(f)l, for each n 

IX n n 

in W. 

^ f l 

Now for X e X, J] P.Cx)^^ x, as { M;n^ 1 } is an 

i = l ^ ^ 

order decomposition for X. Therefore, 

k k 

f(x)= o-lim f( Y P.Cx)) = orlim V (P*(f))(x) = 0, V x e X. 

k-¥CO i = l ^ ^ 

Thus f = 0 in X®°. Hence { M*: nk 1) is complete in X®°. 

4^ SO 

(iv) As is a band in X which is an order complete 
Riesz space by Proposition l,2.10(i) and Theorem 1.2.20(ii), (iv) 
follows; cf . the Remark following the Definition 1.2.12.^ 



Combining the statements (i) to (iv) of Proposition 


6.2.4, we have the main result of this section contained in 
Theorem 6.2.5: If { is a countable order decomposition for 

an order complete Riesz space X, then the sequence { forms 

s o 

an order decomposition for the sequential order dual X of X 


s o 

such that each f in X has the representation 

* - 

f = 


P (f ) = 0-1 im y P, (f ) . 
n n-W 1 


3|C 

Proof: In order to establish that {M„,P } is an order 

n n 

decomposition for X®*^, it suffices to prove that P^ * Pj^* for 

n 


n i 1 in view of Proposition 6.2.4. As 

Pw*(f) =sup {P*(g): g e X®°, e ^ P*(g) ^ f}. f ^ e in X®°, n c IN, 
”n 

we have to verify the equalities 

P*(f) =sup {P*(g):g e X^^and 6 ^ P*(g):fi f], Vn e N, f 0 in X®°. 

Since 6 ^ ^ x, V n e IN, x e K, by Proposition 1.2.26(ii), 

using (6.2.1), we infer that ^ f. loif each n in W and f 2 : 6 

in X®°, Hence, P*(f) ^ P„*(f), for all n e W and f ^ 6 in X®°. 

n M 

n 

For proving that Pj^*(f) ^ given n in N and 

f i 6 in X®°, consider any g in X®° with 0 ^ ® ^ 

^ since P* is a positive map from X®° to X®°. 

Also, from the relations P^(P^(x)) = P^^Cx), for x € X and 

(6.2.1), we have P*CP*(g) )=P*(g) and so e ^ ^ 

Therefore P^*(f) ^ P*(f); and consequently, p* = , v n e IN. 

The last statement of the proposition is an immediate consequence 
of Theorem 1.2.18 and this completes the proof .j^ 

As a consequence of the above result, we derive the 
sufficient conditions for the order perfectness of a Riesz space 
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in the following form 

Theorem 6.2,6: Let X be an order complete Riesz space having a 

countable order decomposition such that every a(X,X®°)- 

bounded set in X is order bounded in X. Then X is order perfect 

if each M is order perfect, 
n 

Proof: Regarding the maps from X onto let us first note 

from Proposition 6.2.3 that P*(f) e X®° and P**(4>) e for 

n n n 

each f in and <p in (X®°)®°. 
n 

In order to prove the order perfectness of X, let us 

SOSO 

now consider an arbitrary element <i) in CX ) . Write = 

P**(4)), n ^ 1. Then w e n^l . Also, from (6.2.2) 

n n 

(♦) y)^Cf) = (P**C(t>))(f) = 4.(P*Cf)). V f e M®®. 

As M is order perfect for each n2:l , there exists a sequence Cx 3 
n u 

in X with x € M , for every n in N, such that 
n n 

cjo 

(♦♦) If. (g) = gCx^), V g e 

n .so 

We now show that the set B = { x.:n e K 3 is <rCX,X )-bounded. 

i = l 

Therefore, consider h e X®°. As x^ € , P^Cx^) = ^ j > i ^ 1 and 

so f or n i 1 , we get 

hC E X,) = E hCx,) = I h(Pj(x )) = J <P*(h))Cx ) = J ), 

i=l i=l ^ i=l ^ ^ i=l i=l 

where g. = CP*(h))lu , the restriction of P.*(h) on M. such that 

1 1 * M . 1 A 

1 

g. e for each i e N. Hence, by {*♦) and (*), for n ^ 1, we 

get 

x.)=E g.Cx )=^ tPi(gi)=f 4’CP*(g.))=4.(f Pi(gi))=4>(E P*Ch)), 

i = r i = K ^ i = K ^ i = l ^ " i = l i = l 


since 



=h(P. (X)) 

= (P*(h))(x), xeX, i^. 
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n 


As ^ P.(h) ■% h, as n — >co in by Theorem 6.2.5 and <t> e 

i = 1 


n 


n 


4>( I P.(h)) 
i = l 


h( X.) — » <i)(h), as n — kc. Thus B i: 


i = 1 


s o 

a(X,X )-bounded and so order bounded set in X by the hypothesis. 

Consequently, (x } is an order bounded set in X and hence sup x^ 

n „ n 

n 

and sup x^ exist in X by the order completeness of X. If x = 
n 

4- ~ 

sup x^ - supx^ = Sx , cf. Definition 1.2.15(iii), we have by 
n n n 

Proposition 1.2.16(iii) 

00 n 

x=yx =o-limy‘x.. 
n=l ^ i = l ^ 

Finally, to complete the proof, we show that the 
element x obtained as above, corresponds to (p such that 
(J)(f) = fCx), V f e X®°. Therefore, consider f € X®°. Then 


n 


n 


fCx)= f(o-lim y X.) = o-Hm V fCP.Cx.)) 

n-KO 1 j = j 1 ^ 


n 


n 


= 0-1 im y (P. (f))(x.) = o-Hm y h.Cx.), 


i = l 


where h.= P Cf) e M®°, V i 2: 1 . Thus, by (*♦) and (*), 
1 1 ' M . 1 


fCx) = 


= 0-1 im y 4>CP.(h.)) = o-Hro (pC y P.(h.)) 

n-X» 1 1 i = l ^ ^ 


n 


= o-lim (PC y P.Cf)) = (pCf) 

n-WO ^ , 1 


n 


i = l 


as y P^Cf)^^ f in X®° by Theorem 6.2.5 and <p e (X“'^)“'^. Since f 
i = l ^ 

SO 

e X is arbitrary, the result follows.^ 

Before we pass on to an example of an order 
decomposition in a VVSS, let us recall the notation 6^, for x € X 
and n e W, from Section 1.4 and write 


so .so 


t 

n n 


X e X } , n kl . 


Also, define a sequence (R^) of linear operators from fiCX) to 


4)(X) by 
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R„(J) = S^n, 

where x = {x^} e ft(X) , Then we have 

Theorem 6.2.7: Let X be an order complete Riesz space such that 
A(X) is an idea] in Q(X). Then is an order decomposition 

for A(X). 

Proof: For proving the result, we first show that U ’s are bands 

n 

in A(X) . Clearly, these are linear subspaces of A(X) . Further, if 
y € A(X) is such that |y| 15*1 for some x in X and given n in 

N, then x, and yj= 0, for jVn. Thus y = i.e., y e 

and so U is an ideal of A(X). For showing that each U is order 
n n 

closed, for a given n in IN, consider a net {x :a e A } c K such 

a 

that 0 £ 5*a x in A(X) . Then 0 ^ 5*a ^ 6*n , V a in A and hence 
n n n 

X £ 6*n . Thus x = 5*n e U and so U is a band for each n in W. 
n n n n 

U ’s are pairwise disjoint, as I5 *{a!5^I = = 

n n m n m 

O, for n/m and for any x,y in X. 

For proving the completeness of the sequence 

ACX), consider z = in A(X) such that z is disjoint from each 

of these U ’s. Since 5^n € U , for each n^l , we get in 
n n n 

particular , 

IzlAlS^nl = 0, V n2: 1 
z^=0,Vn^l, i.e.,z = 0. 

As ACX) is an ideal in OCX), each is a projection 

band; cf . Proposition 1.2.10Ci) and the Remark following the 
Definition 1.2.12. Thus {U^:n2:l} is a complete family of pairwise 
disjoint bands in ACX). 

Now, for completing the proof, it remains to show that 

for X S; 0 in ACX), R^^Cx) = P^Cx), where 

n 

Py Cx) = sup {y e U^: 0 i y i x } . 

^n 


JL *1: U 


Clearly, R^Cx) = 6^n i P^Cx) for x ^ $ in A(X). Conversely, if y 

n 

e U is such that 0 i y 5 x, then y = 6^ for some y in X and 5^ s 

n n 

6jjn . Therefore, P,,(x) i 6^n = R„(x). Hence, {U ,R } is an order 
“ n n n n 

decomposition of A(X).|ii 

Applying Theorem 6.2.5, we derive from the above 
result, the following 

Corollary 6.2.8: If R* is the adjoint of R^ , for n e N, defined 

as in C6.2.1) with P^, X, X®°, being replaced by R^ , A(X), 

[A(X)]®°, and U*= R*( [ACX) ] , then {U*,R*} is an order 

n n n n 

decomposition for [A(X)]®°. 

Proof: Immediate.^ 

of\ Y S O 

Remark: Since [A(X)] can be identified with A (X ) in view of 
Theorem 3.4.2, and A^(X®°) which is an ideal in ft(X®°) by Theorem 
3.4.1, also possesses an order decomposition 

Vn={5j: f e X®°} and ^ A^(X®°) by Theorem 

6.2.7; it is natural to inquire the relationship of this 

decomposition with the one obtained in the Corollary 6.2.8. In 

the sense of identification of Theorem 3.4.2 between [A(X)] and 
X so 

A (X ) , we have the answer contained in 

lie 

Theorem 6.2.9: The order decomposition {U^ .R^^ } is the same as 


;4: — j|! ^ — 

Proof: Consider an arbitrary element of with f e 

[A(X)]®°. Then for x € A(X), we have 

( + ) <x,R*(f)> = <Rj^(x),f> = <5^n ,?> = <x,5^n> 

# R*(f) = 6^n € V^. 

n n n 

Thus U* c V . For the other inclusion, consider an arbitrary 
n n 

element 6 of V where f € X . Then for x € ACX) * 
n n 

<x,dl> = <R^(i).a^> = <x,R*(6j)>. 


X ^ t 


^ 6^= R*(6^) € U*. 

n n n n 

jfc 

Hence , , V nkl . 

n n 




Also, it follows from (+) that R (f) = Q (f), for any f 
in [A(X)]®°« A^(X®°). Hence is the same as iri th® 

sense of identification of Theorem 3.4.2.^ 

Relating the order perfectness of the space A(X) with 
its perfectness, we establish 

Theorem 6.2.10: If X is an order perfect, order complete Riesz 
space and A(X) is an ideal of OCX), then A(X) is a perfect VVSS 
if and only if it is order perfect. 

Proof: Let us first assume that A(X) is perfect and consider a 

member F in [ [ A(X) ] . Since [fA(X)®°]®° can be identified 

with A^^[ (X®°)®°] , in view of Theorems 3.4.1, 3.4.2, we can write 

F={F }, with F € (X®°)®°, n il . Now by our hypothesis of order 
n n 

perfectness of X, we can find a sequence in X such that 

F (f)= fCx ), for each f in X®° and n in K. The order perfectness 
n n 

of ACX) would follow if we show that x e A(X) and J(x)=F, 

where J is the canonical embedding from A(X) to I [ACX) ] . 


In order to show that x e A(X), consider f-{f^} 


A^CX®°). Then 


00 CO 

n=l n=l 

^ X e A^^(X) = ACX) . 

^ Y SO 

Further, JCx) = F, since for any f e A CX ) , we have 

jci)Cf) = fCi) = Y = ? F„Cf„) = FCf) 

^ . n n ^ . n n 

n=l n=l 


in 


Hence ACX) is order perfect. 

Now, assume that ACX) is an order perfect space. For 
proving that ACX) is a perfect space, it suffices to prove that 

Y Y ~ XX 

CX)c A(X). Therefore, consider x in A CX). If J is the 
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canonical mapping from X onto for any f=tfj^} in A^(X®°), 

we have 

CO OQ 

{J(x^)} e CX®°)®°] . 

As A(X) is order perfect, there exists an element y = {y } in 
A(X) such that J(y) = {J(x^)}. Then, for f e A^(X®°) 

(*) j(y)(f) = f(y) = J f^(y^) = I JCyrjXf ). 

CD n-1 n— 1 

Since Y. < CO, we infer that {J(y^)}e A^^[(X®°)®°] and 
n=i n n n 

thus 

{J(y^)} = J(y) = {J(x^)} 

^ TCyp) = ^n~^n’ ^ ^ 1 > i-e., x = y. 

Hence x e A(X) and therefore A^^(X) c A(X). This completes the 
proof .n 

Remark: Let us remark here that the condition of order 

perfectness of M ’s in Theorem 6.2.6 is not necessary one in 

n 

general. For instance, we have 

Example 6.2.11: Let X be an order complete Riesz space such that 
A(X) is an ideal in Q(X) , with the countable order decomposition 
{U^,R^} as considered in Theorem 6.2.7. Further, assume that X 

and A(X) both are order perfect spaces. Now, in the space 

X X s o s o 

A [(X ) ], consider the subspaces linear 

operators {T^}, T : A^^f (X®°)®°] — > W , defined by 
n n n 

F € CX®°)®°} and T„(F) = 5^n , n e N, 

n n n n 

where F={F } e A^^[ CX®°)®°] . Making use of Theorem 6.2.7, tW . T } 

n II II 

XX so so 

is an order decomposition for A f CX ) ] . If we consider the 

map S^:U^ — > defined by 

S„(6j) = X € X, 

n n n 
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then is a Riesz isomorphism from onto W^, n 2 : 1 . However, if 
we regard . themselves as OVVSS over the space X, then we can 
easily establish that 

[U^(X)]®° « UJ(X®°) = Q(X®°); 

and 


[Q(X®°) 


4 ) 


I (X®°)®°] 


Since W ’s are proper subspaces of 4 , [(X®°)®°] and J(U ) = W , V 
“ n n 

n 2:1, U^’s are not order perfect. 

As a particular example, we may consider the space 
of all real bounded sequences, which is order perfect by the Note 
1.4.8. Also, every - bounded set in is bounded by a 

point in of. [96], p.l07. However, = { 5^ : a e R} = , V 

n e W; = w and w®° = <P, V n e H. 

6.3 Associated o-Sequence Spaces : As mentioned earlier, in this 

section we define OVVSS with the help of the projection operators 
♦ 

P *s and P ’s which correspond to a countable order decomposition 
n n 

^^n*^n^ in an order complete Riesz space X. Indeed, if 

a countable order decomposition for X, then order 

decomposition for X®° by Theorem 6.2.5. We now introduce 

n 

(6.3.1) A^CX) = { 5= Cx }:x e M„, n k 1 and ^ x. order 
a n n n 1 

converges in X} 


and 


_ n 

(6.3.2) A„(X®°) = {f= {f e M , n 2: 1 and T f. order 

^ n n n’ 1 converges in X®°} 

* 

In terms of the projection operators P^ and P^, we have 
the following representation of these spaces: 

Proposition 6.3.3: (i) A^(X) = {x : x = {P^(x)}, x e X 3; and 

(ii) A (X®°) = {f : f = {P*(f)}. f e X®°}. 
a n 

Proof: (i) For x € A (X), V x^^ x, for some x in X. As P ’s are 

a i^l 1 n 
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sequentially order continuous and M -L m , m ?£ n, we have x = 

n m n 

P (x), for each n in W. Thus A^(X) c { x : x = {P (x)}, x e X}. 

an 

The other inclusion follows from Theorem 1.2.18. 

(ii) The proof is analogous to that of (i) and so omitted.^ 

Clearly, A CX) and A^(X®°) are subspaces of OCX) and 
a a 

0(X^°), which may not contain 4>(X) and 4>(X®°) respectively. But 

for the subspace ordering, we have 

% 

Proposition 6.3.4: A^(X) and A„(X®°) are ideals of Q(X) and 

a a 

s o 

OCX ) respectively. 

Proof: ¥e prove the result for A^(X) as the result for A (X®°) 

a a. 

would follow on similar lines. 


In order to show that A^^CX) is a Riesz subspace of 

OCX), consider an element x = (x } of A CX) and assume that x is 

n a 

n 


the order limit of the sequence { x . } . As M ’s are pairwi 

i = l ^ ^ 

disjoint and x eM. for nil, we have by Proposition 1.2.14 
n n 

n 


se 



n 

C + ) 

y lx. 

i=l ' 


n 


T lx. 


Lu j 

i = l 


i = l 


Co) 


00 . 


Thus Ixl = (Ix^l) € A^CX), as |x 1 e M , V n i 1. 
n a n n 

For proving the ideal character of A^CX) in OCX), 

a 

consider an element y={y } in OCX) such that 0 i y x, for some 

" n 

X = {x } e A CX). Then, 6 £ y. £ x. , V i i 1 and so { y.3 is an 

n a 11 i 

increasing sequence in X. As are ideals in X, V i^l . 

n 

Further, the sequence (Jy.}, being an order bounded increasing 

i = l 

sequence, order converges to its supremum which exists as X is 

order complete. Hence y^^Xn^ ^ ^ 

Riesz subspace of OCX) with the property that 6 £ y £ x, x e 

A CX), yields y e A CX). Hence it is an ideal of OCX).* 
a a 
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Concerning the duality of A^(X) and A (X®°), we prove 

Si 3. 

Proposition 6.3.5: The spaces A (X) and A (X^^) form a dual pair 

a a 

for the bilinear form 

00 

(♦) BCxJ) = ^ <P.(x),P*(f)>, 

i = l ^ ^ 

where x = {P.(x)), f = {P*(f)}, for x e X and f € X®°. 

Proof: Let us first note that the series in (*) is a convergent 

^ ( I 

series, as for x e X , ]] p (x)^^ x , as n — + oo, by Theorem 1.2.18, 

i = l 

s o 

and so for any f in X 

n ^ n 

X <p.(x),p (f)> = i <p (x) ,f> 
i=l i=l 

— > f (x) , as n — > 0 D. 

Now, if B(x,f) = 0, for all f in A (X®°) , then x = 6; for 

a 

otherwise, P.(x)^6 for some i in N and x in X, would yield that 
- P*(f) ♦ 

B(x,5^i ) = <P^ (x) , P^ Cf ) >/0 , for some fe X^° , by our basic 

s o 

assumption for the dual pair <X,X >. Similarly, we can establish 

that B(x,f) = 0, V X in A (X), implies that f = 6. Thus 

a 

s o 

<A (X) ,A CX )> is a dual pair.— 
a a " 

Next, we establish 

Proposition 6.3.6: With X, X®° , A (X) , A (X®°) as mentioned 

a a 

s o 

above, the spaces X and X are respectively Riesz isomorphic to 

A (X) and A (X®^) . 
a a 

so so 

Proof: Consider the mappings > X and Jt 2 '^ — ^ ^ 

defined by 

jfc C fv 

n.({P (x)}) = X, X e X ; n^(f) = ({P Cf)}), f e X . 

In / n 

Clearly, and n 2 are one to one linear mappings from A^^CX) onto 

X and X®° onto A <X®°) respectively. Also, by Proposition 1.2.26, 

a 

7 t. and are Riesz homomorphisms , for 

X 

ln^({Pj^(x)})l = lx|= jtj({P^(lxl))) = KjC{|P^(x)ll)= jr^CKP^Cx)}!); 


and 
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n2( { IP* ( f ) I } )= n2< ' ^ ^ 1 5 ■ 

Hence X and X®° are Riesz isomorphic to A (X) and A (X®°) under 

a a 

jr^ and 3^2 respectively .g| 

Recalling the spaces ^^CX) and ^^(X®°) defined 

corresponding to an order complete Riesz space X and its 

sequential order dual from (3.4.4) , and taking into account 

the intrinsic properties of the spaces A (X) and A (X^^) 

a a 

established above, we prove 

Proposition 6,3.7: A (X) and A (X^^) are bands in ^^CX) and 

a. a 

respectively. 

Proof: Invoking the proof of Proposition 6.3.4, we observe that 

the spaces A^(X) and A„CX®°) are ideals of ^^(X) and ^^(X®°) 
a a 

respectively. 

For showing that A„(X) is order closed in 

a 

consider a net {x“:a € A) in A„(X) such that e :S x“ x in .€^(X). 

a 

Then 0 x? x^ in X, for each i i 1 , by Proposition 3.2.7(ii). 

But {x®: a e A } c and is a band in X. Therefore, x^ e 

for each i i 1 and consequently, x e A (X). Hence A (X) is a band 

a a 

of >C^(X). Similarly, we can prove that A (X^°) is a band of 

a 

6.4 o-Simi larity : In this final section, we study the 
o-similarity between countable order decompositions of Riesz 
spaces, introduced with the help of order linear mappings, as 
f ol lows ; 

Definition 6.4.1: Let X and Y be two order complete Riesz spaces 
with countable order decompositions 

{M ,P } and {N ,Q } are said to be o-similar if there exist Riesz 
n n n n 

- 1 

isomorphisms T^^ from to N^, such that T^ and T^ 


are 
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sequentially order continuous from M onto N and N onto 

n n n 

respectively, and 
n 

(i) X. , X. e M. .order converges in X ^ 

i^j 1 1 1 

n 

Y, T.(x ) order converges in Y; 
i = l ^ 
n 

(ii) r y . , y. g N., order converges in Y 

i=l 1 1 1 

Y T- (y.)order converges in X. 
i = l ^ 

A characterization of o— similar order decompositions is 

given in 

Proposition 6.4.2: Let X, Y, {M„,P } and {N ,Q } be as above. 

n n n n 

Then o-similar if and only if there 

exists a o- Riesz isomorphism A from X onto Y with a"^ 

sequentially order continuous such that A(M )=N , for each n in 

n n 

N. 

Proof: Let us first assume that {M ,P } and {N ,Q } are 

n n n n 

o-similar. Then for each nil, there exist Riesz isomorphisms 

T :M — >N , satisfying the properties stated in Definition 6.4.1. 
n n n 

For nil, define A^:X — >Y by 

n 

A (x) = y T. (P. (x)) , X e X. 

“ iii ' ‘ 

A^ ’ s are positive linear maps from X to Y such that for x g 

A (x) = e. for n <i and A (x) = T.(x), for n i i, where i,n g K. 
n n 1 

Each A is sequentially order continuous, for if {x,} is a 

n ^ 

seQuence in X with 6 in X, then 6 in X. As are 

ideals in X, 0 in M. and so T.(P.CXj^)) J 6 in Y, V iil . 

Therefore, A (x, ) 0 in Y, for each n in N. Hence by Theorem 

n K K 

1.2.20Ciii), ^ sequentially order continuous linear maps. 
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Now define A: X — > Y, by 

A(x)=o-lim A^Cx), x e X. 

n— ^<D n 

Let us note that A is a well defined map from X to Y, since for x 

^ ( o ) 

^ Z P^(x) -^x in X and so by Definition 6.4. l(i), 

4 — 4 


T (P (x)) order converges in Y. Further, A is clearly a 

i = 1 


1 inear map . 

It is 

one to 

one ; 

for if ACx) 

= 0, then 

n 




n 


{ Y T.(P (X))} 
i = l 

n 

order 

converges 

to 0 

in -Y. But Y >1' 
i = l 

.(P.Cx))! = 

! ^ T (P. (x))| 
i = l ^ 

, f or 

each n e 

H, as N.-L Nj , i?£ j . 

Therefore , 

IT.(P.(x))! = 

0, Vi2:l 

. Since T . ’ 

1 

s are 

one to one maps, 

II 

< 

i2;l . Hence x = 

e. 






In order to show that A is onto, consider y e Y. As 

T ’s are onto, we can find a sequence {x } in X with x e M , V n 
“ n n n 

2 : 1 , such that 

= >^„= T;;‘(Q„(y)). V n ^ 1. 

^ ^ — j ( 

Hence by Definition 6.4.1(ii), J x.= ^ T . (Q . (y ) ) ''■24 x, for some 
„ i=l ^ i=l ^ ^ 

^ ( ) 

X in X, as ^ Q.(y) ^ y in Y. We now show that y = A(x). Indeed, 
i = l ^ 


it follows from the equalities 

n 

A(x) = o- 


n 


n 


o-lim Y T.CP.Cx)) = o-lim Y T.(x.) = o-lim Y Q.(y) = y. 

n-W 1 1 n-KC 1 1 n-KO 1 

Also, A is a Riesz homomorphism , since for x e X, 

lA(x)l = o-lim !A (x)| by Proposition 1.2.7(i) 

n-KX) n 

n 

= o-lim Y lT.(P.(x))l since N. -L N., V i # j 
n-WO 11 1 J 

= o-lim Y T.CP.dxD) = A(|x|), 

n-WO 1 1 

as TjoP^ is a Riesz homomorphism from X to N^, for each i 2; 1 . 

For sequential order continuity of A, observe that 0 i 

A 7- A in z'^CX.Y) by Theorem 1.2.22Cii). But CA :n 2 i 1 } c 
n “ 
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Z®°(X,Y) which is a band in £*^(X,Y); hence A e 2®°(X,Y). 

Coming to the discussion of A ^ , observe that 

-1 ^ -1 
A (y)= 0-1^ ]] t/(Q Cy)), y e Y; 

n _ 

for if X e X is such that x = o-lim ? T, (Q.Cy)), then T.CP.(x)) 

n~KX> j — I 11 11 

= Q^Cy), V i 2: 1 . As the expression for A~^ is similar to that of 
A, its sequential order continuity follows on the lines of proof 
for A . 

To establish that A(M ) = N , n e N, consider x e M . 

n n n 

Then, A(x) = A (x) = T Cx). As T„(x) e N , ACM )c N . For the 

o n n n n n 

other inclusion, if y e N^, then y = T^(x), for some x e , as 

T^ is onto. But in this case, T^Cx) = A^(x) = ACx). Hence y e 

ACM ) and so N c ACM ). 
n n n 

For the converse implication of the result, for each n 

€ W, define T^ : M^ — >N as T^= Al^ , restriction of A on M . Then, 
n n n n ' M n 

n 

we can easily establish from the properties of A and A that 

{T^} is the required sequence of operators, which makes the two 

order decompositions {M ,P } and {N ,Q } o-similar.* 

n n n n “ 

In terms of associated o-sequence spaces and 

A CY) , we have another characterization of o-similarity contained 
a 

in 

Theorem 6.4.3: Let X, Y, above. Then 

{M ,P } and {N ,0 } are o-similar if and only if there exists a 
n n n n 

O’- Riesz isomorphism T from A_CX) onto A CY) with sequentially 

St u 

order continuous T ^ such that TCU^) = V^, where U^ = {5j: x e M^} 
and V.={6^: y e N.}, for i i 1 . 

Proof: For proving the necessity, we have by the hypothesis and 
Proposition 6.4.2, a Riesz isomorphism A from X onto Y such that 
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A and A ^ are sequentially order continuous and ACM ) = N , n . 

n n 

Hence, for x = {x } g A^CX), {A(x„)} e A„(Y). Thus we can define 

li cl II cl 

a linear map T from A (X) to A (Y) by 

a a 

TCx) = (ACx)), for x = {x } eA (X). 

n n a 

As A is one-one map, T is so. Also, T is onto; for if y={y^}e 

A (Y), then y = ACx ) , for some x^ g M , nil, as ACM ) = N . 

a n n n n n n 

Since A ^ is sequentially order continuous, x={x } g A CX) . 

n a 

Further, TCx) = y. 

Since ACM^) = NV , TCU^) = , for each iS:l . Further. 

the inverse of T is given by 

T"^C{y }) = {A'^Cy.)}, y = {y . } g A CY). 

1 1 la 

As A is a Riesz homomorphism, we have the equalities 

lTCx)l=|{ACx )}|={|ACx^)|}={ACIx„|)}=TClx|), V x = {x } g A CX) . 

n n n n a 

Thus T is a Riesz homomorphism from A CX) onto A CY) . 

a a 

In order to show that T is sequentially order 

continuous, consider a sequence {x™} in A CX) such that x° 'i' 0 in 

a 

A CX) , where x'’''={x®}. Then x® 0 in X, for each i^l ; indeed, if 
a 1 1 m 

there is an element a in X such that 0 ^ a 5 x®, for each m S; 1 , 

a a — IB 

then a G M. and so 6-e A CX) is such that 5 . i x , V mil, which 
1 1 a 1 

yield that a = 0 . Consequently, ACx°) ^ 0 in Y, V i i 1 and hence 

it can be easily seen that TCx*'*^) = (ACx^)} 0 in A CY) . As T is 

positive, T is sequentially order continuous. 

Similar arguments hold for proving the sequential order 
continuity of T ^ . 

In order to establish the sufficiency, for n g K, 

define T :M — >N by T Cx)=y, where x g M , and y g N is such 
n n n n n 

that TC6^) = 6^1 for x g M . As T is a one to one, onto linear 

n n n 

mapping from A^^CX) to A^^CY) with TCU^) = V^, T^ is clearly so 
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from M onto N for each n in H. Further, each T is a Riesz 
XI n ji 

homomorphism as for T(5^) =5^, x e y e , we have 

= 15^1 = IT(6^)| = T(6*^') 

n n n n 

^ IT^(x)l = lyl = T^(lxl). 

Next, we show that sequentially order 

continuous. For fixed n € W, consider a sequence {x, } c M such 

K n 

that Xj^ e in M^. As is a regular Riesz subspace of X, Xj^ ■i' 0 

in X. Hence 5^k 0 in A^(X) and so T(5^k) 0 in A (Y) . If the 

n a n a 

sequence {y^} c is such that T(5^k) = 5^k , V k si , it follows 
clearly from T(5^k) ^ 0, that k ® ^n‘ 

positive, it is sequent ial ly order continuous. 

For proving the sequential order continuity of , we 
make use of sequential order continuity of T ^ and proceed on 
similar lines as in the preceding paragraph. 

Finally, we show that the conditions (i), Cii) of 

Definition 6.4.1, are satisfied by the sequences {T } and {T 

n n 

For proving Ci) of Definition 6.4.1, consider a sequence c X 

^ ) _ 

with x.e M. , V i ^ 1 such that x x in X. If x = tx } e 
11 1 

A (X), then x^^^ x in A^(X), cf. Proposition 3.2.7(i). If z.e 

a o- ^ 

N. is such that T(6^i) = 5^i, for each i ^ 1, then by the 
1 11 

sequential order continuity of T 

n , X 

TCx^> = I 6 i T(x) in A (Y) 
i = l ^ 

^ T(x^) = I 8^i T(x) in ft(Y), 

i = l ^ 

as A (Y) is a regular subspace of Q(Y). But from Proposition 
a 

3.2.7(i) , 

TCx"") = I afi^^ i in Q(Y). 
i = l 

where z={z.}. Hence T(x) = z by the uniqueness of o-limit. 
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Consequently, z e A (Y) ; in .other words, we have the order 

CL 

n 

convergence of the sequence { J T.(x.)} in Y. Similarly. the 

i = l ^ ^ 

condition (ii) of Definition 6.4.1, can be disposed off by using 
the sequential order continuity of . This establishes the 

result completely.^ 
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